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llandmklric. prodLiction fe viewed as a constrained modulation of an underlying ustilliiLLHy process. 
Coupled ohdllatHins an horizontal ami vertical dircctmns pmduce teller fiinns, and *-hcn hli peri mpnscd fin a 
rifllitwiird cortstunt velocity hwrixonlal sweep result in spaually separated letters, Modulatkw of Ihe -vertical 
- ■ ^ 1 1 iUion - :..--■ i -:-ii' . iVi ■_ i ■ 1 1 ■-• •■ "f i, lie . ■■; !u <- i l 1 1 •-- - ;' :i.;;..li .ikci n; 1 ". v I:ll|. ^hl-- u I'lli':/!^ die 
acceleration amplitude. Modulation of the htnL/uncjl oscillation is rc-spnnsible For control of miner shape 
through altering phase or amplitude. 

The vertical velocity f.£1u crossing in (he velocity Space diagram is important from the Standpoint of 
control, {..'hanging the horL/uiLLiLl vchicity value llL [hii/Cro ciiissing airttnils corner shapc\ and sojrh chanecs 
can be effected (h rough modifying ilic horizontal filiation jtnplicn-dc and phase, (."hanging, (he slope at 
(It is hmo cruising, controls writing sla.nlL this slope depends on the horizontal and vertical velocity oinplkudcs 
and lul the relative phase difference. Letter height modidatHin is. also best applied at the vertical velocity 
7cro crossing En preserve an even hasclinc. lire corner shape and stout cciiistrainES completely determine the 
ampliludeand phase relations bciwecn dig two oscillations. Under these constraints interlcucr separation is 
not an independent parameter, 

lllis Ulcury applies generally to a number of acceleration oscillation patLcrns sLich ,is Kintismilal^ rcetan- 
guLar and Lrapc/oidat oscillations. J lie LiHcillation Uieory aEso provides art explanation for how handwriting 
mighl degenerate whh speed. 

An implementation of the theory in the content of die spiiiig muscle model is developed. Here uiuiKddal 
(^illations arise I rum a purely mechanical snurccs; uilhogLHial anLigLfnisfic spring pairs generate particular 
cyclmds. depending on the initial condiliiinH, Mndulaline, bet wen cycloids can* be achieved by changing, the 
spring ?ero settings at the appropriate times. Frequency eiin he modulated either bv shifting between coachva- 

:i- .1 i.. :Iv.m.i.i ■i-.jLli 1 -. i. ii ■■ I'Lln ill ■ ■■ ,-nis>.-spii il- ;r ■'■;- picMiiriiT.c; -i i :i h It- spring CIIT.Kl:ir ; ( Spring*. 

An aiteelei'jitkm and podium measuring, apparatus- was developed fiir measurements of human liandwrit - 
nig. Measurements of human writing arc consistent wilh (he oscillation Iheory, 

U h shown ta (he minimum energy movement fur die spring muscle model ii bang-amst-hang. h'or 
certain paranuclei values a similar arc solution can be shown tu he minimising, kxpe-iimcntal itvcjiku rcments 
ihiwever indicate that handwiiting is nufa minimum energy movement 
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Chit pier I. Introduction 

lliis repent addresses the rmnor control of handwriting. 'Hie gujl has been to arrive at li detailed under- 
standing of UlC tnotuf prugfiUllS underlying die production of diver* tetter shapes. A theory uf handwriting 
production is presented Ui:it views handwriting as ;i Lonstr.sined modulation of an underlying, oscillatory 
process. Coupled filiations in Tn>ri^onU»l and vertical directions produce letter forms, and when superim- 
posed on a rightward constant i^lcicitv huri/onud sweep result in spatial I v separated letters. Modulation *if the 
vertical oscillation is lespcmsLblc forcuntrii] ti-f Idler height, cither through altering thq frequency or altering 
the ficccteratiun amplitude, Modulation of the horizontal oscillation is responsible for control of corner shape 
ihnmgh altering phase or amplitude, 'l"he horizontal sweep velocity is presumed not in modulate. 

In understanding handwrtLuigainlro] Die velocity space dijgrum,. *hich is a pint (if horizontal velocity 
-versus veitieal velocity, is in important tool One point in particular, Pre vertical velocity /cm crossing, seems 
jmpnrtani fnim the standpoint of control. Changing tfie horizontal veHocilj value at this Ecro crossing controls 
comer shape, and such changes can be effected thmtigh modifying the horizontal oscillation amplitude and 
phase. 

Writing slant can he explained in this. thcoR 1 as an artifiiet of coupled orthogonal oscillations, and is 
dependent on the horizontal and venial velncity amplitudes and (he relative phnsc difference. lhe slant angle 
in given hy the tangent to due velocity spore diagram at die vertical velocity xsru crossing. Me-rely liy altering 
llie slope nnd intercept at this zero crossing dlereforc one obtains ainlnil of two of the important features of 
letter shape. 

Since modulating letter height or corner shape ordinarily results in velocity amplitude and phase change* 
ail applied modulation can be ex peeled lo change writing sliinL A consistent writing sbul is, nresuansihly ,1 
stylistic CLMistrniiil in handwriting, and it would WH he tonsidcred atecptahle writing if for example kill letters. 
wen: tinted randomly or if tall letters, likens were slumed differently fhwn shnft. letter like c l t 'llius there 
are con*! rami* on modulations io preserve writing slant. Together with corner shape LunsiriiinLS. fin example 
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making sure an I hie a hop [up ctuncr of the appropriate fullness, the slant constrainl completely deicnnines 
die amplitude and phase relations between the two oscillations. Under these constraints intcrlcttcr separation 
is. nut an independent parameter. Utter height modulation is hrsi applied at zm» vertical velocity to preserve 
an c*en baseline- If applied ai the bottom corner upper zone letters such as J and* can he produced: if applied 
at die Hip corner lower /one letter* such as t and jr can be produced. 'I "he writing slant constraint suggests 
that frequency modulation is preferable lo acceleration amplitude modulation of the vertical oscillation for 
letter hcighi. 'ITic slant measure is. independent of frequency, and if lent* height can he modulauxl through 
frequency aJnnc then there would nut be any problem in presenting writing slant Unfortunately die comer 
shape consilium usually requires 4 modulation of die horimnul oscillation amplitude and phase as well as of 
the frequency during letter height modulation, bui In amrre sense a. frequency modulation for leiter height is 
easier lit control ihiin an amplitude modulation for letter height, !■* pertinents on human handwriting show 
dint people use a mutltirc of frequency and amplitude niudohtiou f«r letter height, but thai the frequency 
modulation iMhcdominantcoiilTihinorio letter height. 

I'll is uwt*y h which applies generally to a number of acceleration oscillation patterns such as rectangular 
and lupcwjiuul oscillations, has been particularized u> sinusoids for mathematical convenience. Sinusoidal 
based oscillations produce wiling dint belongs to the class aFcyckridal curves. Hie process nl" modulation can 
he cLinsidcrcd as one of shifting between different eyeloids- 

'I'o eipLitn one way In whkii die human motor system might implement this theory a spring, muscle 
model is invoked. 'J n.is model likens die action of muscle 10 a spring wLih variable zero selling, 'the amount 
of force gpncKilcd by the muscle can he thanked merely by emit mil iiig the yen. scuing. which rs identified 
with changing the fining raleof the fl-niMOrncuroni. Willi this spring muscle model a sinusoidal oscillation 
arises from a paircly mechanical source, sinec antagonistic springs lurm a harmonic oscillator. OrthiJgonal 
antagonistic spring pitirs gcncfUK particular cyetnids depending on the initial cimdiibns. Modulating helwcn 
cycloids can be achieved by charging the spring zero settings ai the appropriate times. 

f'requency modulation in a fined spring constant model Cim only be achieved in a restricted *HJ. Ify 
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■Ji : '-iru. h-.-H.-cn cn.ictivjiinn :in;1 .iliernal ii£ ac|k.nion nl' the anUflomjlk spi nf. -i Vciie.!-. - .! n :i:..i ul.it n : i 
proportional lo %/2 can be obtained. Kar more? flexible frequency modulation one has to presume a variable 
siiffness spnng, will! the rem setting changing not only the amount of applied force hut alsu the spring ton- 
Slant. Under a variable stiffness spring model it is possible to modulate frequency arbitrarily and to satisfy 
BE well the Constraints imposed by slant Constancy and comer Shaping. Measurements on human subjects 
indicate a frequency - modulation in the broad ncignhoThodd of y/2 in going between [.ill nnd Short letters. 

The oscillation theory was tested by means of a special apparatus for measuring handwriting, of human 
subjects. An x-y sliding, rail System with fi degrees, of freedom was mounted" with accclcnomctc rs, and 4 
special holdd incorporated a writing LnbJet pen. Acceleration and position are direct measm rcmcnlSi with this 
appariiutSt and velocity is obtained by processing one of these signal* 

Measurements of human writing arc consistent wiiTi the oscillation theory. 'flic assumption of a constant 
velocity hoimmtal sweep in substantiated by die data. Subjects demonstrate slant constancy and comer shape 
control duririj leucr height modulation as evidenced in their velocity space diagrams: the vertical velocity 
Tcro crossings remain constant both in intercept and in slope. 'J lie underlying oscillation pattern soon in 
hitman subject's is somewhat equivocal: some appear sinusoidal, others aie trapezoidal, and a few are almost 
rectangular. 

The oscillation theory provides an explanation For how handwriting might degenerate with speed. If tunc 
presumes that the difficulty in producing a particular letter shape Is related to die number and the severity of 
phase, frequency. ;ind amplitude modulations, then il cm he predicted tbut difficult modulations would be 
abbreviated and thai the resultant writing would he simplified. 'The one modulation which yields the greatest 
difficulty is a transition between clockwise and counterclockwise movement, *ul!i as betwen an c and and n ur 
within a fetter stich as anh or a if. I have observed that Fast writers eliminate 41II clockwise movements, leather 
than sending fast writers to rural eomni tines for a-habifitation. the culprit seems to be the Palmer script itself 
which is not tailored for speed. It is possible to design a cursive scripi dim eliminates clock wise movement and 
which docs nol degenerate with speed- 
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]n a separate chapter, in is sIhhvji duri the minimum energy movement for me spring muscle mode! is 
hnng-coaSt-biiitg. For certain parameter ■.aloes a singular an: Solution can tw shown to be minimizing- If 
handwriting were a minimum energy muvememL, oM would cipcqla roughly trapezoidal nsedtation pattern. 
The acceleration amplitudes would always be :« maximum and lctUT height modulation would he achieved 
solely through frequency modulation. 5itia.ll handwriting would also he executed faster than lar&c handwrit- 
ing. Unfortunately cipenineiual measurements, dn not hear out (hese expectations. The speed of handwriting, 
b mdependent of writing sin. Amplitude moduUion for fetter height oceuTsas well as frequency modulation^ 
One can conclude diiit handwriting is not a minimum energy muvement. 

Hmsiwrilirtgaml HwmCttiitftkai Catitpfesity 

j"hc oscillation theory is a description of handwriting trajcctnrl.es mid of (he constraints UlaL apply in their 
formation. It ays not -ling about how (he biological agent arranges its joints, limbs. and muscles to satisfy the 
tr*jccu>ry constraints, Although this report does not iiddr^ss this question it is nevertheless useful lo consider 
whfil problem* the -igoiii musL solve to iiriplciiicirt dm theory. Jhe agent is required by die theory lo provide 
three runctiwta! degrees of freedom, one each for the orthogonal him/untal and vertical oscillations jmd a 
thicd for the horizon ta.1 sweep. A. functional decree of freedom may nr may not conform us a. particular joint; 
it could arise from a synergist* action of a number of muscles and joins. Human subjects show a bewildering 
variety of muscle and joint usage in handwriting; (he particular choice of mechanical aitangcmcnl is no* 
Important us kins .is die arrangement can satisfy the constramts of (he theory. In a sense Use y;itai mechanical 
,., ; ■■!: : -, :l . ,-| ■ . ; : , ;i -.-i ..... ii.i'. I:,l;: ;r : .. i;.; !\lii.I'J- 'I'M-' kil in |: r-. ■■. ide .1 v.i iu ; ■. \' nr Iknr..rr::s. 

Ie is, abas up to die agent io ensure that die motion remains planar mid that Hie writing implement remains 
on the wriiing surface with a particular pressure. Some adjustment of the functional synergy is therefore 
requried depending «n (he raife of join! extension. A further eoionlcilty is the requirement of holding the 
writing implement, llw holding has to adapt lo changing joint EingScs: homini sohfccts find it necessary to 
roll (he writing implement between liners and thumb for (his purpose, lastly, bhibs putiiiciniiie movments 
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hctvicen wwtLv. hdwccn lines, and for doUJn£ i's-aJid crossing t's arc required bui. which Ik' outside the scope 
of the theory. 

ttelaietf Work 

]\ is significant ihaL ar e^oluiionarily advanced system, ihc human hand. seems to use a phil^cjieucally 
old method of motor conlml fur handwriting. The notion of oscillators and nt'eirKhilanonstu iht oSeitlalOtt 
ties- handwriting, to locomotitM? [Gnllncr I97S|. J lhc decree tu whkh the- handwriting, oscillators arise from a 
m«h*nicaL source n* Ihnti active programming needs to he determined befijfl! one can ask about die location 
of ihe osciltotor;. for crumple, whether ihe oscillators shu.rc a spinal cord ar brainstem lncatiun with the more 
primitive fcicomotion oscillators, 

Wiih regard to past handwriiing rc»can:h. the ftcus has been more dcseripine lhan ii has been generative. 
Initial L-fTurtS were aimed a) devising a measurement apparatus^ slilU as. Spall; martin^ Cif (Cledclihus paper 
with an iron sLjyluS |Doilkf van dcr Gu>n and l"hiirinsg L$fi5] and an electrolytic water Link IMclJoiUJtld 1W6 
and Yasuhara 197$|. YjNuhara [1975] attempted to interpret KMG mcjiSLrcmcnts as fhire data, lierbst and 
Liu 1 1977| demised a pen wjtli uwc-lcrumctcr iiunjntingv. Craiveaiid Snvoic |!977] mourned strain gauges onto a 
membrane which was distorted hy a pen shaft during writing. 

The approach to modelling a handwriting trajectory has usitiilly been a curve fitring, to measured iw 
inferrtd arecleratiiHii Meimelstem and Hden \V)fiA\ segmented wTitiEifi, for ruling, with quarter sine waves. 
Denier v;lh derGon and Inuring |1%5] assumed a rectangular form to the accelerations. MdXmald |l96n] fit 
trapezoids to die acceleration*. Yflauhunj |1975| assumed an exponential use and decay lime to an acceleration 
pJaleau. The end result of this process is .i lisl of aeceleralion burst durations and amplitudes, which when 
applied Lo (he corresponding iiiiidcl yields synthetic writing. elnse to tine measured human handwriting. 

tiii-en the great hjomcchaiucal ample* ity of joints and muscle^ an y si mple exercise in exact duplication 
iff a pvirtKular human handwritten word wendd seem futile. It is alsi> unclear that curve hump with suc- 
cessively mute baroque models adds more cnlichtenmem tn liow the human motor system accomplishes 
hiindw riling. 



Chapter 1 An Oscillation Ik on of I hnulm it inn 

There arc many strategies. b>- *hich accelerations can he feshbned to product acceptable handwriting \ 
particularly parsimonious, view is that handwriting is produced by orthngonal oKilLaiioris horizontal arid verti- 
cal Li* the plane of the writing surface, and dial these iwo usrillations are superimposed on a constant velreiiy 
fighi*anJ honajnu] sweep. "ITie orthogonal filiations arc responsible for producing letter shape, while (he 
horiutnial sweep strings these few* out into a rujhiward moving train. The ttcillatiufls are modulated in 
certain ways and at specific pmn.es to produce- the shapes characteristic of She Knglish Palmer script. 

ii is matltcmaikatly convenient to model the- oscillations by sinusoids, althnueh the. main conclusions 
presorted in this chapter hold for mher oscfflatimt patients such as trapezoids and recLanglcs. Another reason 
for selecting sinusoids is thai in Chapter 3 li *ill be seen that a spiing muscle model leads to a hnFmnnic 
oscillator. 

The equations governing the iwcillatitms in Ihc velocity domain can be wriWcn as: 



j = aBin(u? r (( — io} +• &) + * 
y = bain[\4f,[i — <ri) + ^J 



(2.1) 



v,hcrc o and t arc the horizontal and vertical velocity amplitudes. m, and w„ arc (he Tinrimmisi] and vertical 
r'n-qutfiwiw. &r iind ^ arc the hnriaiiiial and vertical phases, t is the time with respect to the reference time fc, 
ande it the magnitude nf die horiAwital sweep, 

'IlKse velocity equations when intcgr.ticd yield a tW [Lawrence W3]. Consider for (he moment the 
case *here « = fr - c, c* = w tf . and *, - *„ = h/2. Ihe resulting cjchiid qui be thought of as the curve 
traced by a point un a rim o1 a disr foiling on u plane. When e < a the tracing point is on n nwdial ei tension 
to the disc and the curve is cal led * ii mtoraKkU . When c > a the tr^ihig. pot ill h inside the rim and yields a 
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c > a 



r < a 



JULQJLQ. 



Ilumrv II. Thi L Lop turn: rvprntnls a cjulaid. ihu iniddk curve J LurULi; 4^'luid. :md th\i boUcim 
curtv u pmlat- cyduid. 



curtate cw toiii. Kcprcwntntivc ctirvcsnf c:ich lyric anc sluiwn in l-"iaurg 2.1. Wc already SCC in these curves the 
inklings of fcisic Tiuiidw riling pattern* ^n ordinary cycloid yields strokes mihu sharp rop corner. slicTi ji is 
found in f, u, jnd tiv. A prolan: cycloid yields iop loops as in die leucr e. A CLinuite cycloid yields ruunded [up 
corners which are related to rounded corners inh. m, itndn, bur whkh are not fully apparent in this l ; igure. 

'I"hc velocity Lxjujtiiinx rcprtttcnL jli ellipse cc-nlcn.id ;iL {c ? 0). I'lic Lilt a .li.lI caciitricily f arc derived. 
bck>*, ITic piiriiiioctrk velocity pquiilkurs 2,1 become *Iko t b eliminated: 



bV — 2fl6eos* ly + eV — afb 1 sin'* = 



It is shown iii iThnmoH] ihjit for 4 i Hccond deprec polynomial /1x v + ffay -\- C# l + f" = Q (he x^ term results 
from it rotiuinn of <m ellipse. ITk: iiinmini of nuAibn a is given by cot 2a = (C — /1)/j0, or: 
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labcoatp 

It is farther sbuwn in [Thomas] that a rotation [» K* the i|j temi lo rem gives an ellipse 4 V 3 -+- C'tf 2 + 
F* « whose coefficients satisfy the jelations A' + C = A 4- C and — M'C = S ! — 44Cf. Theie iwn 

relations may be used DO solve Tut ihc new coefficients >!' and C" 






where Q — Jia* + F)' 1 — iQ^ain 1 ^. Theecocntricitjf e is gi^cn hy ^7^ , ot: 



/ Q 

" V fr ? + a 1 



(2.3) 



I "he effect iff Witling * f£ t is En turn tile velocity sp,iCC circle in hi an ellipse. "IllC ph,i5C angle £ changes bfltfl 
the eccentricity and ihe till of (his ellipse. In petition space (he sinusoidal punkm of the intejraied equations 
£2.1) represents aiii ellipse with (he same eccentricity and tilt as the velocity space ellipse, hut with a phase lag 
of90 degrces- 

'ITie effect of phase shift on the tdocity space ellipse is IllusHULcd. in (he sequence hi Figure 22. As 
the phase shifts fnm 9Q n to — '-&*", tile ellipse diung.es ilslill and eccentrkHiy. Tfic ellipse ^H-rcspondiug to 

= — 30" has a clockwise rotation sensc L the sLmifciJ shaved ellipse with ^ 30" ,i ujunlsrekKtwisc sense. 
Switching between ewuniCTclocltwrsc aid clockwise movement reverses the sense of tup and bottom comcre, 

1 he sharp nip corners of letters writ as u and i become the sharp bottom comets such asm and n. 

The importance of (his last Hlglirc Is (hat it shows thai merely by setting up different initial conditions 
a train of die haste kKer shapes in handwriting rs produced. 'Ilicsc basic shapes cm be c.iteu,o™cd as Jinip, 
sharp, and rounded lop turners, lty modulaiiui; the (iscilliuiun al specific times in die circle and with specific 
phase and amplitude changes lite tiscillatioo (rain e.m be transformed from one basic pattern Uf shapes into 
iinolhcr hasic pattern. Kor example, l-'igmne 2.2 indicates thai if the phuse einild be alLered one CtiuU obtain a 
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\n ChtiRKKin Ihcnry uf Maudlins 



(A) 
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(B) 




(C) 




(0) 



/ 



V 



yiymyvn. 



(£) 




xi^ymn 



l-jpin- 2.3. 1'I^im; umlnliH til' a cydcml wiHi i\in»ntf(.-h d = fc = $c. Ttk' pha* shifis arc: 

f;i> 'hj d^rwt (h> r J I d^rViV U> JO dVfnvn. Celt 13 ilqjrws. ;iml fc> -JO dcynx'fl. 



All CbCllluicq ItlPfnj- flf llanilwliLiup 14 

tailored sequence of tup corner shapes. It i* also clear tbM hy rtitiduJaEjnR Ihe vcrtieal verity amplitude letter 
height could be controlled, 

( 0'J W u/"jA* vttlieat vtfiWity zerv crusting 

The important parameter influencing letter shape is nut HctuaJty phase change hut due value of (he 
horiwntil velocity at the vertical velocity kid crossing "flic vertical velocity Is «k> at the lop comer when 
ur(i — (n) + ** = ( 2n + l)ir.Thc value of die horizontal velocity at this. zcrocro$mfc Is: 



S = c — a mi i 



M 



When this, r is /.cm ji sharp Kip corner results. The more motive this value, ihe fuller the lop loop. The 
more positive this value, die rounder ihe iup corner, A doctorta movement has the effect of revcsln& the 
sense uf imp and bottom corner, To iltusvaic ihui the vertical velocity zero enrangh pchwrily responsible for 
corner shape, the sequence of t\ in H^urc 2 J all have Ihe same Kent missing but differ in velocity amplitude 
and phase shift. It can he seen tlut except far letter height the top comer shape is. mflintflined- 

To transform one cycloidat partem intti amahcr cycloidal pattern, phase and amplitude modultfirais of 
die horiwnldl rtseillatkni have uj be applied at appropriate times and at the appropriate levels. It is conceiv- 
able dial ii nuidutiiriaai uf the vcniral oscillation ciiuld assist (he shape transformation sueh as through a 
phase chungc. btit there would be added complications of keeping an even bosdJnC and of regulating, bener 
height, hsr shape modulaLnvn in which letter height docs m* change, therefore, il is presumed that horizontal 
tRi-illation modulation ahmc OCCUTt 

As an example of shape control by altering (he vetixal vcludtv Mru crowing, an e eydoid in Rgure 
2.4 has been modulated to c.ive the sequence nine. The parameters »f (be nwdulfllktrts to ihe htrrnMnal 
oscillation Arc presented in Tahle 2.1. Krequcncy ** set at 5 Hz; the vcntail velocity amplitude *as SSx 
nijn/sec/l'rtt! units aiEcifujurwHiTbitrflnr. but they have a rough physiological correspondence. 
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(A) 




CH) 




(C) 




(D> 




l-'igurv 2A Cyckitds {ltoriIltJ ivnn -n = 6. c = 20, :iiiid wiLhi a ammm vcm-jl Mtknny zero 
cra«fiii[i aL * — a sin 3 = — H-64. hui (bjUctlih phm*i? relMkilUk iRdhak! a sdnihr uip (.miner 
shape. ThiLS \uq tTirnk'i shape is pflwufilj- tun wcilk'il by Ik 1 /eru imsihij iiisluid trf Ihr phase 
nlfltoira tA)4 = 3V. a = &9.W: £»>*»- 45*. a — 4B.99: (C) 4 = 60". * = 40; (D) 
£=75". a = 35 J 6. 
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-25JW mm Ace 



I'm dovish (he mitduliiiions. j |fti mentor value fin- ihe nereis.^] vcIlhcilj- zcru chitting {2A\, which k ihc l.isi 
cnliirnii iit Tiiblc 2. 1, wii£ cImmcd I'lh' rriKJuting, ;i p:nlioil.ir curlier lypc. Arbitrary villus ftw n. ;(inj $ were then 



Mi OsrilUiLiini SlKOTj' of IEindw«ifl| 



K. 





li",iK M. MuduluLicm nf lk «. ^nation fcy «djusLin|e lh* Wrtfeal wluillr raw cflKirin* produces 
LhiTiMiumLu *(*«. Abcm lh* wnUn^ tnrw A is Llw wrinl wstaeflj. cum B ihe hunioflUl 



chosen consistent vriih ihe desired rcro trussing value. I^ainining ihe las! criuflffl In Tabic 2.1, Ac effects of 
the various mediations un shape «n be seen. 'Ihe fin* modulation * 0.23 seconds results h a wro eirains 

value of O.OO mm/scc: hence a slurp lt*p corner is nhutinnl. 'itic second mndulflliun gives a positive mo 
matin and a munded top corner. Nnally the original e cycbld Is obtained through a modulation thai yields a 
/crtfcmssmg uluc of-25J00mm/sec. 

MitdtikHkiH nfLrtfW Itpishi 

1 citcr hri&ht may be mndufciiuJ by changing cither the vertical flcceleniiioB jimpLimdc « the frequency 
of ucillatiffli. I» preserve an c *eii h^setiw, die moduliiiimi is best jipnlied m pafcite of *e«> vertical rtfled^. 
which occur at (he W «d b^H 1 " 1 wmm. If ihe print of muduLmun in :l h»Li»m comer. i:itt Icttera swh 
its ( and A can he produced If the prim »f mudubiLiiin is a top cimner, lower nine leuere such as ? and v 
cm be produced. An ramtric ^hmiplitude mod lk*i W achieve dillcrcm letter TicipMs In illuttnHt-d hy die 
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l-ilHirp 1,5. Mr.<JtikiLi(»i i. if the w^kd tstilatiwi at puinls. of Kro WrTfcal ^hxplj, yields, dtfcrtnl 
letter hsiJtghlB by u proves at" amplitude imjduFaLiun- *rlVnn plw&: .hart^e. 



akeniaLing querns i>f d in Figure IS, Since the horizontal Ltsei3lali«n is unchanged ;i[llL since the vertical 
phase dues not chjnge because the mudulatiun was applied at, a point of l'.cto vertical Yclnrily, ennter shape 
has heen preserved during this height modulation, lite velocity space ellipses corresponding so the e's and f's 
in Figu re 2.5 Are seen to have ihe same rero crossings. 



2,2 r'onlrnl oF \Vri(in£.SIjn| 

A salient feature uf pjgure 1.5 is the difference in writing stunt between the e's and i's. indicating that 
writing >.l r i n t is someho* a Function! i*r the various parameters, The horizontal and vertical oscillations art 

urdiugunalty., yet sLmlcd wri Ling resu its from their men ban a Linn. 

"\\> investigate [he [mgin of writing slant, a psyehnp1iyHic.il experiment was performed tn obtain j me:Kijrc 
lor writing slant, A group oFsuhj«ts were jisVcd to estimate writing slant in an i^snrtmcnt of top cusp cycloids, 
ITie subjects chose w ilh a high degree of agreement one uf twi^tratcgies hi estimating slant depending on the 
intei prLl.'tk'ii nf the cycloid, tf llie cycloid was interpreted as a chain nPu's. |he slant was LLk.cn ,ik the hue 
frnm 4iic hoi Mm minimum pniiit U> Ihe bisector nf 1lie line joining die two (op points (i-'ignre l.frAi, If the 
cycloid wits interpreted as a chain of t\ subjects bisected Llie "angle" of [lie cusp, More esurtly, the midpoints 
of hnrfainliil lines jniihng ihe niifHRiitc sides of the cuan were connected fHgttrc 2.6JS)l 'lliesc midpoints form 



Aii Oscillation LTilth> ut llandmriiint 



1* 




(B> 




Fljuw t*. Twli diffitwnl mexthKk puupk iHn m cuimartinp, * riling Slam, If ponnved as a u. 
^ubjiYis imc muhttl (A'K if per<ehvd as an t. rofpiod (&>- 



,i HerjigKL Lit? with slant gjven hy; 



tan/3 ss 



t> 



a cua O 



M 



Surprising (his slant is the ame as computed in Figure 2.6 A; this slant is also the same a* die tangent ai the 

cusp point. 

TUs slant measure may he s?n?raliK«J ts) other writing shapes which do not have sharp tup corners such 
as s\ litis measure ctwrcspirnds to the slope «rdw velocity space ellipse at the vertical velocity m™ crossing 
■J1wi«i|nm.»™c Lifuiis measure is thai it shows writing slant is an artifact of an orthogcmaE. oscillation system, 
■["he writing slam changes! as (he horitttfiul velocity a, the vertical verity b. and the phase diiTcrencc * vary. 
Reexamining the difference in riant between bill and shnrt letters in Figure 1.S, equation (2.5) yields an e slant 
iif Cl.ft' and ma ( slant uf 7ft. I". Tta change in skint arises beenuw the vertical velocity amplitude* changed. 

Attuniing that Stylistic constraints n-quirc a constant writing KhM. ihW must CJiereisc cart ill going, hc- 
tweem tall and short letters to maintain slant. Since in letter height modulation the s-crtwul velocity jimptitudc 
b is changed, it is required that the horizontal vclthicy amplitude a iind plufic dlflferens £ also change to 
niiiiiuiiin a cwBitani slant 0. 'Hie constraints on letter shape and letter jsLnt can he ck pressed by ctmstaM* k v 
and 4; respectively us follows. 
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*j =c — a«n£ 

J. b - 

a C£H[£ 
Prom these t*ti rctaiions Uic letter height constraint implies dun 



(2.6) 



b h ki[c — k\ J col ^ 



(2.7) 



If a particular tetter hctghi is stipulated (namely 2fr/w). [hen. die phase difference £ and die horizontal 
vclody amplitude « aiC dele mined. A plut ufdiHercnl e cycUnd* satisfying (2.7) but with different phases 
and wlcirily amplitudes is presented in Figure 2.7; Table 2.2 lists die relevant parameters. ITic perceived slant 
and shape seem to he constant among the several plots. 



Tabic 11 


Plot 


a 


f 


b 


A 


29.28 


75 


10,72 


B 


3166 


60 


Hoto 


C 


#,00 


45 


40JM3 


D 


%-tf 


30 


6K2S 


K 


Itft.zB 


15 


]«.M 



An iiltemiiting pattern of e's arid f's Lliat preserves both slant and shape under amplitude mudubciun 
alone is illustrated in Figure 21. Fjtiimiitingiihc velocity space ellipses, both die m.™ rmraiiigH and the snipes 
jii the zero crossings are (he same for the eand J ellipses, 

Ihe slant &q Malum (2.5) is independent it? frequency, Jitd it would seem lJn.it if heig.ll! control were 
obtained with frequency nmdu l.jlkm alone the enntrml uf slant wuuM be simplified. This idea works, fine fur 
the verticil oscillation buL the shape ainstfiiml forces, the hori/omtiil cHeillalltHi to modulate, bulb frequency 
and acceleration amplitude. It *ill he seen in, Chapter 4 that experimental measurements on humans show 
a aiminnnd amplitude and frequency nuidulati™ tn cimlntl lcMcr height. (*i(ri frequency muduUltiun the 
predominant influence. 



Alt GxMUlKin Ihrnr, *if NuriilwiiLiin 
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(A) 
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CC) 



JJLOL, 



cw 



(E> 




|'lu*n" 17. * Hogm-nu- «f * L^ksttls wnh nmsimH hIjiiL mt-mirc^ and LutMuml vvflKiil VL-kjuiljr 
/em i-hiihint IjiiL dHIVrvni ;niig*1ii ink' :in<l p\*;v< vrtiits. Tin 1 ncfcdwd sIjii iinJ 4ii*pi; iirflttir wc 
nine: lhL~ Bonnet™ lor lhc« tTR***> Jipp^ir In LfHi Whl 



Z/flFJiJwr^jW^rfli'Nfo/: MtmifHtiittm^ shf Vehtity '/ewCraxsmE? 



Tin- previous decussiiHi rcMcmls (h;n Hit venkti wlrcilj ™*> LrtTMin£ k (srp:ir:iirnuml importance in 
the cuniritil lifhHinclwriliiiB (H&uw 131 TtiamimS Wilms slmpc ilk' v<«lvc of (he hurlnidibl velocity at 
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limiri' 2.S. Litter ht'tj^n niudnluliun under ctnisl taints, uf Hicubint J;mi -mA vt-n.ii_:il vdiicity zem 
crowing is adikviiJ wiLti imipliLudc mudeiliiLkrt. Tin: ickidty spiite Lllrfwts on Lite left show ilm 
the »LTtical vclociEj wro enuring t^U 1 iwd slupe uK Hie Sarin- for buth e and i ellipWS, 



[tits rtfO Crossing is iilLcied. To eunlnst writing, slant the <lnpe nT |hc velocity spflCC diagram at the UFO 
encssMing is altered- Writing height is cnnlroJfcd by frequency modulation, which catinoL bo distinguished in. the 
velocity space diagram, or by Amplitude modulation. *luch affects Uio vertical clutngiiuun of [he velocity spate 

dUfTBL 

13 AlU-rimLeOsi-illjliuni kVttcnu 



'ITie fiiiring function need niit he 5i1iLis1iirf.il for the (Twin. cUflcEuskllls of this Chapter to lurid. I'OT 0H- 
amplc. a rccl-inguhir iiccckrmtiiia puutern (no rise lime) yields triangular velocity profiles Md n piirulloNiiji.sm 
in velocity sr^icc (l-lgurc 2.tOA). Hie writing produced by this oscilljitiotrt pattern is a quite jicpcpuble chain of 
it's. Losing mite zigaiii die slupc tif die velocity sn>iicc ellipse al the vertical velocity zem crowing as a measure uf 
writing slum, the slant ;inglc is given hy tan/? = hfa. Kyehopliysieal experiments for writing slant baye not 
been performed with synthetic writing produced hy rcctungtikir LKL-ck-ijEnni pintem* tu ascertain the validity 
of this tlKiisme. If Ulis measure is accurate, the independence uf sl;tiit on phase is nutcwoirtiy , The advantage 
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?? 



slant . 




\t\gptv L9. MjiniputHBin uf Ihc ivtotitj' SP«c diagram -uL ITS vertical vckiciti a-m uriissine tatt 
Eu (It (#ni«rf of" d^« lis iilwrinfi. (he vuIliv trf" iht rem fniwing. and (2) control Of slant by 
aiming. Lhv slope at ihe ruru trowing, 



of phase Independent writing slant is a considerable simpJificBLiLrri of control, 

Trapcnoidal peaks have also been pniptised a& models uf die acceleration patterns in handwriting 
[McDonald l%6| 'lite slopes to ihc plateaus presumably model a linear rise time of Che actuation, <hc cflfc" 
oflhc linear rise time on the velocity space diagram is in ftnund Uk cornets of ihc rectangular poem's velocity 
space putellcliigMm (Figure 11 Gift (fine rounding docs nai occur at the vertical velocity ran cniolrtg. the 
wriilnssljim is again given b* tan « t/a. Iflhe rounding occurs. Ch.rtHje.il the MTOCrasfililB LllC writing sUnt 
becomes phase dependent as for (he sinusoidal case. 

2.4 NonnrllKnymul " riling as.es 



Other catenations for writing skint haw; heco put forth. Mcnnelstein |19o4J proposed that a nonor- 
thuficnnil axes dtspusiiiun could cur*"* writing. slant, Ihc sbni uf ihc h.mJwritin& would Mm ihe dinclkm 
of ihc slanted vertical n a. From the previous dtsoissioii it is clear dial coupled cMcillattom cause as a side 
effect slanted writing and thai dkciclbrea nonorLhor,onar joint dtepudtioii cannot alone jiceotml for writing 
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Hgjire iHK. (A) Tiuulfalir wh icily pfiiflk* frilling fft*u j rLi^imy.iiiI;ir JktvltTJlfcm piiLk'mL (B) 
■hi? vi-hcNy [wcrlilei ;ifv nm mkil wiiti ;i ir:i|nJim.L|l iiivlcffiiikiH (SillL-m. 
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H^it 3-1 1. Shfar LGiimftnuMum I'ot ;i EiirfiiirLhu[!iin;il jtiini ;*1£1l' *- Tin: nuralimtt p^emin^ 
this UifB&JriTWtieiii inr: i h = t — Jy totfl. y' = b mcti. 



slant Art j skint from minorthoional »» must be added lu the sliint caused, by ciniplcd osciMkras. 

Itiert Is J question as io bufw ore can distinguish these two contribution*. If iff is die angte the vertical axis 
makes wiiti the huftamul axis. ,ind ifcycloidnl velocity equations (2.J) Kt iiltmg the nonorthosonal roses, ihtu 
the orthogonally measurtd. velocities are | see Figure 2. J 1 J: 



iBD sinful + ^) + c + 4 cdh tf sin uf 

y = t si ii ,5 i n. Ui£ 



(2.8) 



The velocity space diagram tiinrspLmdiim to [U) is jIso an ellipse but with aliened tilt And eccentricity. 
It is impusubk to factor- the product bcoE$ by mjinipuliLihms mi the measured velocities. That is to say, 
there arc infinitely many puit* (*, J) that yidd exacts (he time writing. This multiplicity niuy actually pine 
advantsee for dotations whew (lie joint disnctsltion changes within a word: fiw example^ in going between 
afaJoiMl before rcniKiiiLHimgL. rhc writing however cm he kept the same merely by adjusting A- llw 
of tKUhjnhnfiima! jnh dJjpOT&m * dbcuflsed lurtherin die iint chapter. For the present the cMcnt uf 
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any cunHrbuLimi tin skint fmui nuiiufLliugniiiiLl JicK nrmjiiiH-iin open qncHtmn. 

Another raplaniitkm for writing slant was put fonh by hillinnisz: aind l.linas [1979J. who proposed lhai 
writing slant arusc from computing delays, in Uic rercbdlum. According; to their theory am idealised up-down 
movement gcLS transformed into & slanted lire cretause the trajectory ■computntNin lagslhc Actual Inyoclcny. 



OKipLurJ. I Land ft riling under a Spring Model 

The oscilUilion theory in the tost ctuptcr indkatcs bow hand writing can 1^ produced. The nm step is to 
proper now ihc theory could he implemented specifically by the human motor syHtcm. Particular issues ihai 
have- to be resolved are the agent responsible for the oscillation, the nam re of [he control variables, and (he 
influence the control variables have on bringing about die various modulations, 

A recent theory of motor control litens music tn a spring system with variable zero setting [Feldmaii 
IU74iL, 19"74b|. ITib spring muscle mndcl has a particular affinity 10 (Ik oscillation theory of the last chapter, 
and provides a useful framework fcwoansideriiieonc way in whkh the human motor system might implement 
thi* theory. In mis chapter the ssucs of parameter control raised in die previous paragraph arc developed in 
the content of the spring myself model. 

3.1 The Spring. Mustle Mndcl 

The spring muscle model b a simplification oF the length-tension curves of muscle- In rigurc 3.1 Jcngdi- 
tension curves under fcumcirk contraction at several Urine rates for the cat soJeus muscle areshciwn [Ract ami 
Wcsbury Wfi9]. There is some question as i» what portions of ihc Ictigtb-tcnKbti curyes arc used in actual 
movement Son* authore |/icrl« 1974, Kill 1">70. Coot and Stark 1%7J maintain that the active portions 
occur near the length at which there is minimum isometric tension and which Zicrlcr tdm calls the rest or 
neural length «f muscle. Collins ct ul. |l«5] tin the other hand report that the linear portions at short muscle 
k:i-L';,.,:v ii-,,'..! in t;.v ill- " rnwiii: I ik.m ir. |h.'V4:i l<)74h| in h.vinuk- :.l i . .. : ■= oi u .= : I ;ihu ttBimC* the Ulieai 
portions- are active. 

[lie spring muscle model b derived by assuming muscle- operates at die linear short kngdi regions. Ine 
length-tensidn curyes in this regjoa arc abn assumed parallel, although Figure 3.1 shows a slightly increasing 
dope with firing rate. 'I he simplified fcnph-icnxiun curves of agon 1st find anli^mba hiukEcs would intersect 
and overlap as in Figure 3.2: different tenfilh-fiwakm curves arc selected by adj listing the music firing raie. 
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IbndwrilinA under .- Spring MoHlI 



Tension (kg) 




Impulses/sec 



length (cm) 

IKum* .11. LnxElh^L-nsiun curves Frim Lrn: tut sulcus. muSthr, from Radt and Wiaihury IWfl. 

Fctdirtiin [1974a, 1974b] has. proposed that movement arc executed by sclcciing a pair of agonist- 
antagonist kngjh-ccnsLun turves thai iniersea at the desired position. 'I "Ilia process is iilustfiticd in Figure 

3.2. SuppiiK the system is currcnlly al lentil Ln under Innervation rules £i for the iigotiitt and Hi For tnc 
antagonist. Tf die innervation rate of' the a&unbi is changed to etj. -a diUcrcm agonist length -tension curve is 
selected and the equilibrium length ->bifYs to /#■. Assuming no delay in region development and ignoring 
velocity effects, the arrim in the Figure indicates liie tension course, 'I'ncrc is w isometric buildup uf teiwlun 
from Pu lo Pi followed by ;t decay to P\, where die censithn hi agonist bitL'inccs the tension in antagonist. 

The eurves in Figure 3.2 lead to :i model of muscle an a spring with vjnable /.cm setting. The slope K of 
die curves Tvpiesems the spring constant, and the variable rem sell inc. L s atrrespLmds no die selecthm u-f firing 
nua. 'Ihc liircc gigrLcd by a muscle is Uius tf {£, — L : }."\ his simplified muscle model b scnernalued in Figure 

3.3. *liieh includes ji passive damping factor i. ituc equation uf nuiimn for the- spring system «f Figure 3. J is: 



mi = — fyx + kyfa — s) — * w [s — i^i) 



(3J> 



In Liar remaining pnrlioitiiif INischafHer wc negkel Miaous :md fwissivc cl.Ktic (.Limp uncn (5 of muscle- in Ortfer 
todevelnptficnrim points. 



EbDdwi-iLiH( under 1 Spring MAdtl 
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Hliiire 1L Tim c^niLibriunt puirtL OF Hie inCclfiMfttrie IcflglVLenion curves uf ny^isl (B bbck> 
and tfltMWiBl 4m Utefe) shifls frim U ft ki when Liu: nrni 6 nut uK ihv 1*1*1 m n niwd lr 
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ft Id jo irfid Lrw anLnjUFuSt r#< remains al nj. 
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Maun- U. A simnliriud immc-lu nmlcl »iili the MhiwLiiG piir.mH.lL-t*: fr is UkukMobM «Ppasa*e 
(fcimniiHU fc, i 1 - Ll* ^""16 "JfisUinL <jf llw npinisl. t, k, lIk tf»nn^ uwsijim tif Ou :ihI^ik*W. m 
fi |1k nwss. i IS ilk muss puAliulU ^ is «3k r#fflfci variable AIO Klm&. «. R l1w i-inigrjnisl 
vjiri:ibk- /«tO selling. 



fkmdwfilitrs wiftt Orthugumii Spring Rain 



IF handwriting b cxccmcd by wo iirthnjyifcil juinik wc tan mitdd the synLcm fcj (he HCtha of i*o 
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II j i*d« filing uTidcr a Sjinnj Model 
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I'i^uti- -U. Twu onlkiyicffljl puira u* spring tvrw \n u moifcl hi huud* ruing, Tin; y sprints Sfl 
cm [In- ptn tinrts t)!^. Lhc j spring :ic4 un Lhc nuss tn^ which is iht stun uf Ihc pen nfoiss ami 
Ihc y spring plulfurm. 



QrthopiisJ opposing pi&Bflf springs (Figure 2.4). Itw y hpnitgt ate im die pen mass m s : the z spring net on 
Uic pon mass Hind on ilw y spring iruisws Utcmsclvcs. indicated by situcrnncnm io j planum of r.ri<Lii1 mass m r 
RtLHiniMl wiih rJw pen mass and the y spring*. Neglecting viscous friction, ihc equation nf men ion dT ihi: pen 
nuKsi in I lie y direct km is: 



m tAl = ^.vhfr — V} — k "-v(V — ft.}- 



M 



Absorbing rjic mans m^ inio chc tpririfi consr.aiir.s mid snhiufi Um cquaikm by 1 ..iplaee [rjinsforms: 
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H(() = nn u^i — fij) + (V(tiil j J to* "W* - *iij H -5 ' - * J J J 

Wy W y "'j/ 

when; u?y = k m -\- kn.y. it is also mciTL-coctvenicnL to rewrite (3.3) in die following farm: 
where 

According tit Uit (heoiy of tlic lasl chapter ihe horkoftLal moYement has a constant velocity sweep su- 
perimposed on an oscillation. 'Hie josLirlcatioin as discussed in die next chapter comes from die otaervitkn 
that the velocity space diagrams stay centered about the same point through all die different modulations of 
velocity for different leucf shapes. Ihe consum velocity sweep is imposed un any additional change to die x 
spring wtti sellings. Setting 1$) = ^ -\- t{i — Iq) mi *$] = ^ + 4} — Art ailHJ sulvin « "™ equation* 
corresponding toO,2)\ 

*(*) = =* «.m* - « + *J + **•** + ^^ + <i - *o)- 0-5) 

where w\ = k ¥iJ -\- k^j and 

aainfi, = x[Q —t r 

A \tn-htmkaf Agent for thetheilbtkm 

When dilforentkucd. eq.uutii.ms {,V4) and (.V5) AK the !>ime ;w Ihe velocity sinusoids of equations (2.1 J and 
(2,2^. A HinifHtTidiJil oscillation arisen fnim die Hiring mo^k- model js tlic simpta! itkediod «f operation.. Once 
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iiis appiopiiate soi of initial conditions is set up. the oscillation propagates indcfinifcly with the zero setdngs 
unchanged. With |hc orthogonal spring pairs, 41 cycloid ensues in rJii manner of Figure 2.2. The agent for the 
oscillation under the spring model is a purely mechanical one, assuming of course no dissipation from viscous 
elements. ]f viscous elements *ere lo be included, an active involvement of the control cement tn tnaimain the 
tnechsmical CHcillatHirt -would he required. 

3.2 Modulus inn I-eltur Shape und Height with Springs 

The previous section indicated dial controlling the vertical velocity zero crossings and controlling, the 
vertical velocity amplitudes of a cycloid result ui modulathin of shape and modulation of height. The vertical 
vckKhy vcni crossing was shown to he a Junction of the horizontal velocity amplitude and phase. In the Spring 
model the amplitudes and phases Arc controlled by adjusting the zero settings, of Ehc springs A difficulty 
under this spring mudcl is that phase and amplitude cannot he controlled independently. In urder to ach. jvc 
a particular ycrn- crossing, fur sample, one has to search foj the particular MTO setting applied Jit a particular 
time <h;it yields the desired pnodiicl a sin <f>. Jn order to modulate letter 3n.-iu.ht the modulation is best applied 
at the bottom comer at aero vertical velocity: Ihc resiling vertical amplitude changes without phase change. 

It is J* potential difficulty with the spnng mudel if a physical situation OsiSLS ivilll w 7 ^ w v and there 
is no way to make these frequencies equal. For example the mass of (he writing implement, Uic si/e of the 
limbs involved, and the frictiona) contact with paper are subject In change und influence the frequencies, Ihis 
difficulty implies a need to he able to adjust frequencies .und hence to vary the spring umslants. A variahk- 
spring constant model is considered in section 3, J, For the present discussion we iitHiimc fined spring, constants, 
with i»A u . r " k^r « kf it) = fc, rill anddJ = w r = tf u . 

A final emiic before considering comer stnipc and letter height modulation is di-ic a change in miio setting 
l jn he .ipplicri l,i> cilher Ihc iigonisl of antagonist spring or lo both Lit die wiiiie lime. As fai iis die tcmlherriatiLS 
ts concerned these situations arc all equivalent, HxjMuinjng for cample the y equation (.M), the influence of 
die mo settinp- is given by {n,_, ■ y„)/2 after luting hilo account die simplifications of the previous piir.igjaph, 



Jhitfjwnung unto n Sprite Model 
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Thus for iigiveti axe there is unly ink functional cmiuml parameter, cur-responding *« the combined change in 

zero settings uf bmh springs* "Iherc du arise situations where a aero selling change can t» applied only to one 
spring in order to uvoid the other spring firum pushing as well as pulling. Such situations will nut arise m Ihe 
following examples, and for simplicity we will assume the chimgc in zero seltin& Ay at Attn applied to the 
ago rust spring. 

Modulation u[C0Tmrshap£ 

To illustrate that the vertical velocity m™ cius-sinficisn be manipulated by changing the horizontal agonist 
zero setting, the increments Ax to *„ required to product ihe tunc of Figure 2.4 an; pmfiflied. "ITic * 
cycled is generated with initial cunditbns in Table 3.1. 'I he thme increments Ax that tiring abuut phase 
and amplitude changes in Table 2.1 corresponding tu the u, (he n, and the e arc 1.967. 2.0. and 149 J mm 
respectively, In fact the writiHR ir. h- s y.u ro 2.4 *HS generated by the spring model. 





1 able 3.1 




Parameter 


Value Kammc[t"r 


Value 


■M 


-ljiflm 


vfr] 


■3,8 mm 


z>U 


65j0 tnm/scc 


Wo) 


0.0 mm/sec 


% 


4.0 mm 


v-i 


5.0 mm 


*n 


-4.0 mm 


Vu 


-5.0 mcrl 


c 


20.0 mm/sec 


Ml 


5.0cydes/sce 



Mo&tfathm ofl.dfcr Height 

We consider here how to produce me amplitude mudulatioii for letter height that yields the alternating 
«'s andi's. of Mgurc IB, There are three umsitahiBon the letter height nwdulaiicni: {1 > the achievement of a 
particular letter height, in this case a ratio of 2i/2 <tk*sc to the human averse), (2> a constant writing slant, 
and (Jt) a constant aimer shape, I-Vtunatcly thsre arc m\ cc|ual number of control variables, namely the ara 
setting diaries A* ;md Ay, and the lime i, of the- As upplieatinn. Ihe interietter separation is fixed by these 
Choices of parameters .md is not inkier independent anHrol- 
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As mentioned to Chapter 2 the y mudolations aie best applied, at points of mho vertieil velocity, hecause 
the phase change is then always zero and the maintenance of an even basebne. is simplified. Under acceleration 
amplitude modulation for JccLcr height Lhc writing Si/C is directly proportional lo the acccLeiadun amplitude. 
ITjc time o-fhoTi/ontal moclulaikui ii found to coincide with the point of vertical modulation. ITic increment? 
Ay and A* to the vertical and horizontal agonist springs to pntduee the first I of/FJgjure IB is presented in 
Tabic J 2. idung will) die amplitudes and phases of the corresponding cycloids. 



Talk 3.2 


Parameter 


i = 0.0 sec 


( =02 sec 


A» 


0.0 mm 


!0,3<1 mm 


if 


0.0 mm 


5,37 mm 


b 


28* mm/sec 


2H.8 mm/sec 


a 


ft 5 hi ;!imAi.\ 


140,7 mm/sec 


4 


D. 762 r. : id. 


0J26 rad_ 



The slant of (he resultant i is the same as the sla.nL of die c and the vertical velocity /em crossing has the same 
value for the J and thee. 

CofttbifteJ Height utitf Cornet Shapt M&dufatiott 

OrdiiLurily when modulating, for height in upper none letters si«ti as J orfr no special corner shaping need 
be done by lhc hunmnlnl springs, r-ilf lower zone letters. S^iKh m y and j on the other hand a considerable 
degree of comer shaping is required. Figure 15 shows, that Just a height modulation for a lower wnc letter 
dues not produce an dLYCp Libit shiipc. unlike d height modulation Fi>r an upper /one lelLCi which produces an 
acceptable 1 . 

Obtaining a lower *onc loop- as in the letter u (Figure 16) involves a transition from counterclockwise 
to ekcltwise movement then back from clockwise to rounicRMocfcwise movement. A difficulty resulting from 
Uiohc transitions ic£ creating enough horizontal sscpKirjiticsn hclwecn the y and Lire nest letter c. and su the 
hoi lom of the S" must curl around 10 make the upstroke more propitious. In .ichicYC these transitions and 
spacing requires. & nori-Awiiat ?jen> scLLtng, increment!; Ax in a span of ISO msec*, bringing about large changes 
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M-iiir 3-fc. l-Clier hfi(i'-il nkKluliiiiiin rmiduwS l*«h upper mid k™a rent Mlers. but the toww 
jm"l ItftLis require i ntodulitfiuil for diaping. 



in phase and very large harizunial velocity amplitudes (Table 3,3V 
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Table 13 




lime 


A* 


&4 


Cl' 


Q.4. 1 - w^ 


2.0 mm 


24 J degrees 


67.5 mm/sec 


0.74 sees 


-11.0 mm 


:: ■_iJ J<_i'.i -:-.--. 


164.6 mm/wc 


OlSO sees 


11.0 mm 


-24.6 degrees 


309.6 mrri/sDC 


0.S5 sees 


-12.0mm 


-47.7 degrees 


J 12.7 mm/re 


Q.S9wcs 


i:.(! -I'iVi 


-21.7 -degrees 


74.5 mmAcc 



Transitions between Cfmnlcrcfaeftvise end C fuel wife Movement 

If one c:m speak about ihc rcniiivc difficulty in producing various letters, dw; number of Lramsiiioiis be- 
lw«noQurrtcfcWck*fcseandcl<ictwisc nnweincnis would indicate die level ufdiflfculcy. Affl«ifl«i3 *i^ such 
a trunfiitkMi are usually large phase Jtnd amplitude change and one mlghi constaKl a complcKity measure 
bused un ihcsc dumgcs, Hy iut^- such measure lower mat bops u& in y wcmld biive to lie considered difficult 
Anatfter difficult fcwm is din Iuim h (1-ifiwre .1.7 *, which require* iwi> LtmnlcrekvVwrse/elocUise imn^clnns. 
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llindrtline under n 'Sf rmg Mmlul 





li^iin- J.t, Aniplihitk- mikJuliiLkm is hsl 1 *! I>p pnnWi: shorn ;md mil k'Um ii» ihK wqucnev =^&e- 
NijIv llw thiin^ in J;nn hL-|w W n sin in imd mil kmH 



liiinJwinLiii un<fcr a Spring Mcdtf 
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l-'ijjurv .V7. TTk' klU-f A perils pmhlcna in [Wdwtfieiii temflC "f LTit mud *ir «vi.Tal laHj* 



Tlie first iriinh-iEion sues tato Rafting the buuom cuv cumins from the wp loop, accomplished with 2 closely 
spaced nuHluL-iiions r«ul[ine in foirty liirSP phfl.se change (tabic 14). 'I He raind ifimsiluKi restores the 
sequence of A. bin at Ihc onsi (if a *cfy Iwec pfoi« chjinec 
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llBFid*rU]nfc U«dCf I Spring Mndcl 







\Mc 3.4 




Time 


Ai 


A<£ 


* 


0,35 sets 


-5.0 mm 


flj.2 degrees 


50.7 mm/sec 


ajosxs 


-2.0 mm 


55.2 degrees 


20.3 nun/set: 


0,57 s«s 


5,0 mm 


-11^.0 degrees 


69.3 mm/sec 



In Chapter J some evidence will be presented thai fast human bandwritere achieve speed by simplifying 
the script to eLLmiitaie all clockwise movements. IT i:::: may draw an anakigy between spring writing, and 
human writing, the reason might be dm eounicrtlockwisc/clocfcwra transitions -.itc too difficult to mate ftm, 

3.3 Variable Spring Gmstiinl Model 

The previuus. ducusnuHLs m this chapter touk place in die content uf a spring ntusck model with fined 
stiffness. There is reason In presume dl.it the hurt jail motor system tail control not only rtlUSCle tension but also 
muscle Stiffness. ' I here are several reasons why stiffness regulation Vrould he desirable frcirrt the Standpoint of 
die spring handwriting model. (]} There is a need Ni equate hi mvonial and vertical oscillation frequencies un- 
der different physical conditions, as mentioned earlier. Q) Stiffness, regulation would provide another control 
variable and would allow more flexibility in modulation. (3) If letter height could be modulated by frequency 
instead nf hy amplitude, then the slant equation |2.S) implies that the slant would hut change because slant 
IS not a function Of frequency, Chaplcr 4 provides evidence that pctmlc use in part j strategy of frequency 
mtjdulauon for Letter height. 

Wc take as an analytic model or stillness variatitm wish slant an cutrapo^tion from die length- tension 
curves Of Rwdt and Westbury JlWiT]. IF (he linear ptsnlkHiH Ltf these curves are extended they seem to meet at 
j point (Figure 3.S). For the hoii/onuil ant^onist spring for example, the dcrxrnde nee of the spring constant 
k,, r of a variable stiffness spring an responding to this My of straight lines is: 



*j,« — 



T- t 



{3.6) 



It. — Z^ljCI 

where f,,,o & the length Lit *hieh the r,iys intersect and — T u ,j is the tension at * r ju- It should he emphasiwd 
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.. UT f --X Tl ■ I.-i i- l.-<.- .-..:... .i.rv,-s •■ R:m.-Il .nil W .■-..: "i-. i:% ; :i v.:,,-,. .Aicndci ihlci ..l a 
»ni. Tlw ilrtCfldienLi- *rf«Hr slope *«., un On lhn *ljuHLatilc «ru selim* Cll an tw chuntWBKd 
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frai die GUiBt dependence o-f stiffness on renv selling a nol important for analyuiv handwriting umkr a 
variaWc spring consul model, and die relation (16) is chosen merely because 3i i& convenient and because 
[he [ileruturt docs not eoniain an alternative enprcssicm- 

We iwaamiiK! ihe issue uf control (if fcsttEi Jicighu sJant, and shape raised in seettoft 3.2. A set of initial 
Duitdiuons appmpriaic fur iJiis model arc pncsciiicd in 'Tabic 33. 



TaWt 15 


r^ramcUPr 


Value 


hiramcicr 


Value 


5o.(l 


20.0 mm 


%i 


2KIjU mm 


*W,ffl 


-2J0.G mm 


IfcuO 


•jy.Dmm 


^B 


L7.5 mm 


u. 


17,5 mm 


I rl 


-17.5 mm 


w» 


-17 J mm 


7 1 


im7mm/scc* 


Jtf,w 


12117 mm/see* 


7" 

l i,. i 


1 3,117 mrnte' 1 


Tti.jj 


1233.7 mm/scc* 

.— — ' 


*<*o) 


-031 mm 


iflnl 


-1,0 mm 


i{4j) 


2J.2 mm/sot 


tfffo) 


OuU mm/sec 


c T.liinm/sec 




.-•-. 



,v> 



] bnJu-riiiitg undff a. SjKinj ht-ndct 






figure .19, I A.-Llcr heiync ccnlml by tunihinc-d Frequency unci jnipliludc niiHJutolKni in a vuridble 
spring nhkkl i& illuiiuk-d h> lhe jpihctk wrilii^ in [he- Ixnioin righi digram. Tup dujiam: 
vcntLiil (A|;md IUHV(Biliil(H)ivknii.v mtu. 1 *, shuwmii frtMiiciKJ iintl ampin ink nfcxtiiLufcMi. BtHinm 
left: wlucifr ■spucr din^i™ sfai*!* sl-wH u"d jtapv nmsiryiris hiivv bLui ri'ic*. 



Willi these pjiromcleniit (rain ulVs is produced with Lhc xjiinc shjp-c as. pntduecd by Uic fixed spring 
nuidel and die parameters i>f Tabic 3.1, Wlwn modulating for leuer height human subjects typically decrease 
Uic nrcquency by a f4jcn.nr uf \fi and duutok [hi? vertical vehKity amplitude <s<ee Chapter 4 for the ciperimen* 
1iil d,iiaj, lhc increments Aj/ H and Ay, L itHhc .iguniKL ;md nntuEtmisI jr spring -tan be chosen la satisfy bsrtb 
ccmdiukMB [Tabic 3.d). When modulating lhc huriwmlal springs in preserve slant and shape, (he linriwm^l 
frequency mud alsth be madk: lif march: the vertical frequency. The llcninunEal modluliiLkiTl is forced by Ule 
mjiihcmalics U* cicrur Jil the same lime as the vertical nauduialidn, and the incTements Ax... and Ai„ !•:■ lhc 
Ji£j(>nisl and jitUiggonisf x springs ;ue jjicn in Tdtih Xfi- 1"hc rraullanj writing .appears in Vifiunc Jl, 1 }. Uic sh.ipc 
and slam constraints, hswc been ma. Tabic l,fi shows Lhut (lie jp ami y Incqucm; ies have been decreased by a 
fiicujrnfi/a, aiidEhe vc-hilliI vekotyjiinplkudc has been doubled. 



Mandwriiitifc und^c a Sprint Model 
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p.i 



laincter 



Ajfo 



iu-, 



_3L 



^Bi 



:!■. 



:_S 






a* u 



^*tj 



*M,3 



Tabic 16 



0.0 sec 



(J.O mm 



g (J mm 



493 5 Arc 



493.S/5« 



10ff /sec 



Kk mm/sce 



jf/4 raid. 



0.0 mm 



0.0 mm 



493 J /sec 



0.4 six 



-2.0S mm 



;■; llllnrn 



269,3 /SCC 



2?4.I» .V: 



Sirv^/BW 



20* mm/sot 



Q.464 tud. 



-2.2B mm 



2.75 mm 



258.2 /mc 



*IL,J 



■'■'.- 



493.S /sec 



l&r/scc 



235 2 /see 



22.7 mm/soc 



35.9 mm/sec 



A frequency decrease by V^2 and a doubled vertical velocity amplitude implies that she vertical velocity 
amplitude iruerease te due equally \.o a frequent* modulation and an acceleration amplitude modulation. 1 hat 
is to say, a constant actcicniiiuci amplitude Hi nut maintained dmwgh a hcifiht tmrfulation. Nevertheless the 

idealization of tchfeviaj height, mudulation wiihnui slant change by frequency mndulaikwi would have been 
obtained if the hf>r™ntaJ velocity amplitude ™Jd have been doubled also and the phase difference Vcpt 
constant. Unfortunately the shape constraint prevent-i this cas>- solution far slant control, since equation <ltf) 
requires the phase difference to change and the horizontal verity amplitude tit assume some «lue cahcrlhan 
dnuhle the original amplitude. 

Nevertheless there has been ji net benefit in reducing [he "difficulty" of letter hcighl mudulaiiun beemtt 
both the hormmial and vertical velocity jinpliiude changes flic half that in the fi*ed spring wmdtfL and lire 
required phase chunrjC is smaller. 

\4 CojctNfllian Vtrsiw Allematc Admit ion 

!m> far the spiing nwdel h« been presumed to wolf* by having both sprlnp ncrt three at die ami time. 
1 1 is cunceiwible to have cmly one spring an a< a lime, In the simplest mode «f rjperation (he mtu settings ^ 
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and x ti ur y^. and y tl would he equal, afcld whei£¥Cf [he fhJsUmn passes through the WITti setting [he agunist 
spring is switched ftT and die amagunigt spring on, "Fhc equations of moricm are cKactly (he same as before, 
•citcpl ihat the frequency is smaller by a factor of %/2. The com ml of holh systems therefore is equivalent. It 
is possible to have a mode of operation where, ihe anugtuiisc spring comes on befbf e die puim nf mj*irnum 
voltH-iLy. but analysis Lhf sach «MUrds shuws. that maintenance of an even baseline is raLhcr difficult becairce of 
the complexity of the equations, 

It is possible to use a scheme of switching between simultaneous and alternate agoni-si/antjgcsmst spring 
activation to adiiev* a limited frequency modulation under a fixed spring tonsiam mudcl, A frequency 
decrease bv n/2 vnuuld hy itself result in a doubled letter height. An* sdditkmal height modulation would 
require thanking ihc vertical acceleration amplitude. 



Chapter 4 Experimental Measurement i+ilh Humans 

It) this chapter an apparatus designed for accurate measurement of position, velocity, And acceleration 
during human handwriting b described. Measurements of human handwriting with mis apparatus are men 
compared against die made] of the previous wo chapters, 

4.1 11k Experimental Apr>aratHS 

AfteleratHm AttQW>wnettt 

Measurements of acceleration during handwriting are obtained with aeceJeromcters mounted on a 6 de~ 
gn*: i>f freedom X-Y sliding rail syttem (Figure 4.]>. A Linear bearing housing slides along the X-aals rod 
attached to a metal base. At the same time the Y-axis rods may slide through ihe housing. j"hcnc arc three 
decrees of freedom at the pen holder; two stacked axial bearings fur Y-axis rotation, a hinge joins for nation 
with respect w the end of the Y-axis rods, and a hmnie hushing for rotatkm of the pen inside die holder. Ilay 
in the apparatus Js negligible. 

The whole apparatus allows nearly frictirnilcss movement Subjects reported nti constraints on their 
writing movement and no dirBoullta; in grasping die pen nsir the holder. Tests showed thai the inertia nf 
the apparatus did not affect the writing act. lire finger and wrist rrwselc* are evidently overpowered for the . 
handwriting mnvemciiL 

The acccleraikm ts snmpJpd at a rate of 250 coordinate pain? per second at a resolution of better thafl 0.01 
g's. A simple ItC filter to the accclerometers with cutoff frequency 25 H* removes high frequency paper noise. 
It n fallowed by a. triangular digital filter with Nyquist frequency 25 1 1 if. 

l"htx iippamtus has some advantage over previous acL-eleraiion mciKuremctit apparatuses. Ensigns with 
aocderomettre or force sensors mounted in die pen [Crane and Sawn 1977. Hcthst and 1 m I977| are sus- 
ceptible to oricnoiaion problems. l*cnpLe hill the pen in their linger as they write and also change the pen 
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tlapormioiuJ McaJuccrnqni* wilSi riuuKUK 




Yi&un 4.1. A si* duyrci: m" fcixfOw ?-_v nil system for metis urn mem of JKvcTcnnk.rfi and pc^itlwi, 

inclination; die sensitive axes uf the aLcclemmctcrs or force sensors change unprcdiu'abLy :md the rtato lows 
tts meaning. CmistfidnK imposed on subjects to obviate orieutariun problems interfere with the * riling act. A 
second dasu itf apparatuses derive acccleraibn from pusltfcut: these include writine; tablets, cleamlytk water 
tanks [MclTDiiiLld, Yitsuriara|, tcledelthos Spark systems 1 1 Jcuicr van dct Oon and lhtlring|, and a sJid:in£ rail 
system witfi potentiometers [Ktwrer and Vii:dcnhrcgi|, The time and spatial resoliitim] nf these apparatuses 
arc not currently sufficient for jeeumtc acceleration (krivatwriL then? is mi choke bM to measure accebfation 
directly. Ihc sliclinn. rail system empluyed iu this thesis obviates the orientation pmbfams frith pen mounted 
systems, and provides an accurate and dcLuilcd record of me acceleration uf the pen tip. 

PtHftifltt MetiSare/ttcfia 



ttwilitw measurements are obutincd with s SummaeniphicK. Ill Data Tsbki/Dlpitntr. Ihc writing Tabid 
pen fits into the- ItuWcr of the ^ccbmmdcr apparatus, Velocity is estirruLied by dafFcrentiaLing ptsilion. 



lapttuiKiml MwHu^iiunu. wlLh Numtnt 



■'A 



horl zont, 
veloel ty 



vertical 
velocl LV 



hortzont. 

atC C I t 



vertical 
■CC6 1 ■ 




i'iyiit 4.L Vefcvily ciirw* derive fn.H»i ixmiuiifi ;Bid Tumi bkvvIlt jiikiii show i^fud ijgrwnn;iL 
Duubh ililfL-fcnLiuiU-i] pinl tfr™ wl-II ^JLl* (\*:\&v tliI uLis:li:rjLion& 



Vclncic>- estimated by inLe£rjLlri8 awckivition stows clow u^rpement lu Lhc pasi-linn derived vdocLlies (Hgunt 
41). Also prcwTii to [tie Figure is tlw niching of incited ua-elerdtion to doubly dinfcrenlutted ptKiuusi, 
again klHrtiiie i\ SjcnkI JErrtinejIL llic Sampling raK IbT position IS *l Ciwrdii nulc p;iira per second ill il spJtL.il 
rcKiiluiMin ctfO.l mm. A reirnaw Lruin^uhir Filler was applied Cu rtw ptKiitinn diiu irt j-ickj asmcMTilied ^dix-ily 
curve, A awnpfcie recurding of a huntdwrUflg movement is illnsarjied in Fibvk 4 J. 
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t : iprnnicnLil Measurements wiUh [JuiratH 



harizont* i i 

po&i tlon 



hOfiront. | 
velocity 



hor izont. 



vertical 
poji 1 3 on 




vertical 
velocity 



ve rt fca! 
accet . 




I'Ujurt- 4A A cnmpkte luittluitf nf JwU to flufcjn.1 K\5. 



I ; ipcrini«iia] Mrawrcoienh wiLti llu-maw 



A6 




h^re i.4. ^iwltTjinrfi pjufik- ft* m dtwn-up finder rWYcmcni on plalfclais by aibjetl H£)L 

The sharp negative acceleration peaks in Figure 4J have been attributed to starjr fr ietiun at Ihc lops of 
stroke* where the velocity is near /era [McDonald. YasuhartJ, My own experiments cm the other hand indicate 
thiii the separate peaks are at least nc* completely a friction artifact. Subjects were asked to miiKe an up-down 
Jinpcrmiwcmcnt cm plestLfiJatf. With this arrangement there is negligible TriciJun between pen and Sill race and 
between hand and surface since the lingers only are moving off the iurface. Sharp peats are evident in the 
resultant accclcrauuti recording (Figure 14 y. 

4.2 \1cnsurcmt-nti (tf Hainlwritinj, 



/, Aft (M*MW' r £ flK/MrtiJOJa 

The oscitlatory nature wFliuiTi.in handwriting is illustrated clearly by simple patterns such as chains ofe's, 
and u's. A ijptaal example- cif such. writing is presented in Figure 45. From the verity traces it i* "idotit mat 
a constant frequency of oscillation I* maintained through the cui-m of this wiling. Whether the wcillaiJurj is 
sinusoidal, trapezoidal, ur some other pattern is a question examined, morecltsscly in section 4.3. 

The frequent ofoscillaaifwi is a strong unction of letter IselghL Gcncmlly speaking, smaller frequencies 
are associated with greater biter height. For jn alienating pattern nfe'n and fs. such as the raamplc of 
Heme 4.6, the frequency difference between the e and f it lypkally around */?. A fair degree or rhythmic 
wffitinc? » mainlined among letters »f me same height, i.c, Ok e's arc all made at (he km* frequency :ind 



4? 



1-jipcrniKniiJ Measurement with Ibinttn* 





UMA- 



FH>rc 4.5, R.c«jriiin|i -: .1" -t simif uf c's. hj subjtti STR Tup di^nam *L'fl1Cijl (A) ;md horvantaJ 
(h) VLlucLiy uvea. Huiicmi left: vefcuity spuee di^itim. 



llic J's arc .ill made jl the same frequency, lite issue t>f heigh l control is dealt with mnn; thoroughly in a later 
SOClitMipf this chapter. 

A fiuritvtifdl ModUtatfon (ifShapc 

Within a stnna «f 1clii:ts of the same height, the fluency of tdcilbitiiM is observed ic- vary somewhat. 
although the varintifsn is within hound* uf rrcqtKfKKS (if letters greater of Smaller" ill height l^C mndcl of 
the previous chapter would leaden* ui cipctt th;it fur letters of a given thighs a cuiiKLant vertical oscillation 
frequency is maintained and 41 imxtubtinn of the hcjri/imUil o-scillirtiofl itCiS independently to shape a letter. A 
rensuw (w m,-iintiinLn& a constant vertical frequency, i1 was suggested, was Case of maintaining 3 straight base 
line. 



l/ijwrinicnia! MeaujiasciiLi -*ti\ti I'l'manN 



*S 






Ffaitre 4*. * mwrding af'Jddc 1* StilfrA HOI, and the raniicd velocity sputt dingr-jin shwrt 
tvoiMMt'ity of"*J,int. fclmih. mid rmruinual s*cup ¥«knHiy. T<ip digram: wruLal (Af *"d hnruonijl 
(H) wufcxiiy tracis. Iknui«i fcfi: vduttiy simcc diagram, 



In Uuratc fluency uriaddn amon* different tetter* two Samples of aenaiurcs sine pn-jcnted in 
Figure 4.7. In Tabic 4.1 dw frequencies and kiicr heights for individual down-up strokes is presented for 

each signature. Only down -up strokes thai return Lu the same height jut considered. In figure 4JA (he 
stmltcs from the a tu die * and ihc siwiefl art roughly equal in height, and die frequencies nmp frum 4,1 to 
IS. Particular^ for die c then: hra been some modulation vt vertical frequency, which show* that a vertical 
modulation FwrEKipai^ with the hndnortal rmid^iatkm for Idler shape. 'I he down-up stroke for die n is half 
die height uf the previous strokes and has a eo.nrcsporidin£ly liigncr frequency 4.9. Similarly die clockwise 
diiwii-Lip stroke at die top uf the v and die op-down stroke ill the InmuiTi of die *, tolh of **ij small Iwfohl, 
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F.i|KfiincriiJ vkiiu.LiiiLiM:- "'ii ti MurrwH 



FVfr 47, (A): Signature t*y swbjea LAR; (B) s^nadin; by subject STE 

are executed at the high tVcO.uciic.ies (iJ- and fi-T ic$pcclivc1y. The second signature in Figure 4.7 li shows a 
greater degnx of rfivthmic regularity Uuti (he previous example. The range of frequencies is light, between 5.9 
and 6.3. Curiously tbe height variation is greater than the frequency variation. 



Tabic 4.1A 


Stroke 


i"YCL|ucncy {ih.) 


Uaghi\nun\ 


top of a 


6J 


0.4 


a 


4.1 


2.1 


a Hit 


4! 


l& 


r Lu a 


3-S 


3.1 





3-5 


u 


ft 


4<* 


1.2 


bottom nffl 


6.7 


0.4 



Tabic 4.1 B 


Stroke 


t J 'rCL|HC]KV (H/.l 


Height (nim) 


CHlV 


59 


24 


V 


63 


1.1 


uroc 


5,9 


1.6 


s |o n 


6J 


l.fi 


n 


M 


2j0 


ii la s 


6J 


1.8 



J. Cmstatti fitviiofttai Velocity Sweep 

In the jiuuhemaiieal treatment in Chapter 2 n was assumed dim ihe writing rncvtotcttl Could be farumed 
into an osciElaKjry movement superimposed on j cimst-mi hnriMfflliil velocity sweep, lllis assumption was 
substantially validated by measurements on human writing, Subjects were asked to produce strings of letreis 
Itide. 11k linear s#ecp Tor j given lcuer in die serine was estimated by Ruing a lead squares ellipse io the 

velocity Spline diiipruirl. 'I he mOim value fiir lite LWISIcinL verity s-weim c mid Lhc standard devuliurt e(o] fur 
Ihe letters within cmc nf Ehcsc sLrings was tabulated in Table 4.2 for a number nf subjects and for J (fNiJs for 
Rich subject: (he un its ure cm /see. 
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TaW« J-2 


Subject 


c 


t(a) 





m 


sero 


zencfaj 


GRU 


9J 


3.4 


78.2 


4.6 


1I1.H 


6.5 




13.6 


71 


70,2 


7.9 


-17 J 


10.3 




12.3 


2.1 


76.0 


7.0 


-ISjfi- 


41 


GRI 


Mi 


1.1 


63.6 


9.7 


■10* 


4.7 




7.5 


3.B 


I-.1.U 


10.2 


■115 


16 




9.4 


2.1 


63.8 


6.0 


■m 


4.6 


H01- 


11.5 


1.5 


74.5 


0.5 


-5.5 


15 




12 


34 


76J 


5.S 


■117 


6.6 


__-^- 


13 J 


14 


79J 


2.3 


B.7 


3.7 


LAK 


12.4 


16 


62.6 


6.9 


-12.0 


17 




117 


2.5 


67.1 


2.4 


8.9 


4.3 






1&j0 


4.5 


5S.B 


11 


■3.2. 


2.6 


MAS 


12.3 


2.3 


64j0 


S.4 


■ 11.2 


4J0 




12.0 


10 


66.0 


l.C 


■7.0 


00 




17,0 


1.4 


68.0 


45 


■5.3 


4.8 


-VI /\ J 


28.0 


6.4 


63.7 


2.9 


■1U 


45 




26.3 


16 


64.0 


1.6 


-15 


LB 




30.2 


4.9 


63.8 


1.5 


■14.8 


3.B 


MCI> 


19.0 


13 


S9J 


8.7 


■16.5 


9.2 




161 


3,9 


57.2 


9.5 


-29.0 


9.3 




303 


5,3 


54.3 


B.2 


-27.3 


9.8 


SK) 


105 


1.3 


77* 


3.8 


-3.2 


3.6 




16 ■■■ 


1.6 


78j& 


3.9 


isi 


5.3 




16 8 


2.5 


7M 


4.8 


!Ij6 


22 


CTA 


1 1 ,3 


3.0 


55.5 


62 


-1M 


7.0 




1L3 


U 


54.5 


42 


-20jO 


■1* 




10.8 


2.9 


56.0 


3.3 


46l2 


AA 


STH 


12.5 


2.6 


52.3 


6.0 


-I7J 


hX 




6.5 


48 


f)9.fl 


4.6 


■13.2 


13 




Hi 


3,3 


hh.il 


3.6 


-16.3 


5.0 


WOO 


IIJO 


3,7 


675 


3,2 


S.7 


2.2 




11.4 


1.5 


65* 


52 


6,8 


6.4 

; 




n.s 


(:.? 


665 


5,2 


•6.? 


35 



The standard deviations *ww « fi*r *Sl« uf cnn*™* uf* Fresm letter m leiier within a £ivcn string,. 
Sumc suhjccu showed abater degree ofwnsLincy Chan inhere. Thtsamc ohsepptfiims apply between writing 
samples for s £i*en suhjrcl, llic sundiird devuuitms. nrc iKimnlly less sign! Row ihon mifilu uppear because 
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the horizontal velocity amplitudes, nnt indicated in Tabic 4.2, arc [ypk ally around i times greater than (Ik 
constant velocity sweep. 

The theoriclicsil UratmcnL in Chapter 2 cuammed IwQ possible Strategics futf height COMJOl: modulation 
£>f amplitude and modulation of frequency. Actual experimental measurements, indicate thai both modulations 
take plate. Subjects iveje asked to produce a € letter sequence of alternating e'sand l\ Measuring each Iciicr 
fjTcwn bottom comer to bottom comer, the ratios uN m c letter duration, vertical velocity amplitude, and height 
were calculated and averaged n-ver 1 I rials (Tabic 4.3). The average over all Subjtrli '& absgivfifl. 



Tabfc-U 


Subjccl 


Duration ratio 


Velocity ratio 


Height raiiu 


BttU 


1-39 


1.25 


7.2$ 


CiliL 


l.M 


L.97 


2.46 


H03 


LJ5 


2.51 


192 


|j\k 


J.M 


1.99 


1S9 


MAS 


1J2 


2.Q-5 


2.71 


MAT 


1.40 


LSI 


136 


SJO 


IJ4 


2.06 


2.52 


BTB 


144 


2.34 


2.9S 


uu. 


1,36 


1.S5 


2.12 


GROUP 


US 


1.99 


2SS 



"Hie results Show (hat vortical vclochy amplitude is approximately double- for the i! as dimpled Ui the e. 
Ibis doubled amplitude isobiiiined in ruughly equal measure fn.nn a frequency modulation minglily propor 
(iufl-nl to v^and an acceleration amplitude modulation roughly pmporliuiial tn \/2. Ilccause of Iho double 
integration ofaccelfMtiOfflUhe proportional contribution |o height for frequency vs, iimplilude modulation is 
2y/2. 

The fruquenr.)' moduhiiun ks itut a i , c*uli i>f limitations in iIk power plum. Muscles involved in hand- 
writing seem grossly overpowered fiir the (;kL There are two pitec* li-T evidence fat uds iisserlion. (1) As 
mentioned CiirlJCT handwriting frequency w.ih col iifTcticd when weights were .ittJtlied tu the :tcL-e1crom.ctcr 
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ipptfflftKt {2) Handwriting frequency s independent of wnting size. This independence is an «ce|*ed 
obscivaUdn In die handwriting hTeraiu re [Ucnicr van tier Gun and Thurina 196S„ Yasuhara 1375] and is an ob- 
servation suhHtanilaied by my own measurements, Subjects wk asked io produce ihc alternating d patterns 
in different sums. The i height and the time required lo produce one ef pair were calculated and averaged over 
3 trials (Table 4.4). 



Table -1 .4 


Subject 


1 Night (in) 


fll time (msec) 


URU 


0.38 in 


445 




HM 


435 


MAT 


0.S4 


547 




0.46 


55S 


SJO 


0.20 


40J 




031 


423 


ste 


0.25 


522 




0.J7 


S0J 




0.49 


m 



Table 4,4 indicates thai the amount of lime required to write an d pair is independent of size over a factor of 2 
across a sampling of subjects. 

In Figure 4J8 the vertical amkratfon profile for iwo different dm of the ame word, one twiec die size 
of the other, nearly overlap. Itius ihir hjndwriiing Hiincks arc capable of writing bill kiicrs m Uw same Lime 
us short letter, Yci an * in large writing simitar in shape but teller than an J in small writing is written bi less 
time, m fact in precisely the wme time as an e in the small writing. 

The frequency mctdulatkm b* a fuctor of v^ fits particularly well die alternate acihaiiari mudc of the 

spring model. Presumably an enra amp dc mutilation would be required because ofstytisiie constraints m 

pnduce a sufficiently (all t. Ihis magnitude of frequency modulation I* also well widdn ihe range of a variable 
sni'inii conslanl model. 
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JutM 




Injure 4JJL VcrliLiil iiCLCkmliun prxjfiicK frcint iv,.:? dina^m wrums &£>& nf hdt. <*ie duublr the 
cxIilt, by suhjea JjTR si*™- ? his.fi dvjjrcv; of taiist duration HgrcwiienL 



5. jT/uhS Constancy 



11k client to *tiich subjects rti^i iiiibii nod amstiint slam during writing vms determined by computing 
the slant uf individual Icucrs hi the sequence (doTc. The slim of a letter was computed by Ruing j least 
squares ellipse itj dac- \cU\c\iy sn.icc diagram correspondi n£ w diat tatter and hy determining die slam faun 
(he coclTieienis of (his ellipse, These ^rieasui emails ure model bused in ihc sense IfliK il sinusoidal tBCilluiion 
is presumed k> underty the eipcrimental velocity space diagram. The results in Tabic 4.2 under the column fl 
afld/?(ff) are expressed asa mam value of sUinljmd StiUldiird deviation fttf the taller* in one icuucnec Wcic. 

T;ihk 4.2 SlliwS dtut Ulere ;ne mixed results with nejwiTd Id consistency of writing shiTIL. l-cir consistency uf 
Slitnl within a single wimJ or Idler sequence. SOttie Subjects during certain (i uK hud highly a insistent writing 
slants w|(h a Standard delation Twin* 4 degrees. At Uie other extreme smnc subjects exhibited poor sliint 
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control with standard deviations above S degree. Mlise sublets fell more t* less between this*: extremes. Kor 
consistency of Mam between trials, the results are also misted. Generally the range- of slant means between 
trials did not eacced 10 degrees, with *«me sublets having a Ffflf£ of 5 degrees iir less. Rnally, although this 
breakdown is not given in Table 42, aw slants of tfi wre more or las the same as the slants uf neighboring 
J"s, with a tendency In ■some subjects, tu make the*"? mnre slanted. 

[[ might be aMicbdcd dial generally spiking people are moderately successful an maintaining, a co«h> 
dent writing slant 

6. Shape Constancy 

It was suggested in Chapter 2 ihaL shape control at top corners is related tc Hi- horizontal velocity at the 
tup vertical velocity zero crossing. To what Client is shape constancy maintained in going between e's and f s? 
In Table 42 the mean horizontal velocity at the vertical velocity zero crossing. lahcted "aero" in Tabk 4.2, and 
the associated standard deviation arc presented far the sequence Wafc. As opposed to [he previous columns En 
Table 4.2, the zero values arc direct measurements rather than catcipnlatcd values fnom a least squares ellipse; 
the units arc an/sec. 

A rough shape constancy is demonstrated by Tabic 4.2. Thus subjects seem to attempt tn keep the same 
lop shape when going. hrtweett e'sand^s. 

i.y Discussion of Hcsults 

The farcins Function 

A major ativaivtage of the spring mitscle mndel Is dial a sinusoidal oscillation can be Obtained with mini- 
mal effort. Starting from ,in uppmiMiatc set of initial conditions, a sinusoidal Mcillttkn propones indefinitely 
with t|tdtc passive control; i.e.* (lie *ero settings arc ™*dsanged. "line main allusions of Chapter 2 however 
are- nut dependent on the validity of the spring muscle model. A sinusoidal forcing function arising fmm active 
central programming would also be subject to dtc same blunt, shape, and height constraints as a sinusoidal 
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function arising from tht^prinj model, Only Uic details o-fthc modulations would differ. 

In terms uf the position [w velocity ft curding fur wnling of a given height, die fit of the Spring model 
and of the various flavors of step patterns is about -equally good. Actual velocity bpaee diugr-airiS- are ambiguous 
with regard to being ellipsoidal or rnupded parallelogram. Figure 4J show* best fit ellipse and a bent fit 
rounded parallelogram to Figure 4,5 and the associated synthetic writing. Nosh agree fairly well with the 
data. Less ambiguous is the diagram in Figujc4.IOA, luif boring a parallelogram hidden by a nearly collapsed 
diagram. Shifting die horizontal velocity,, which does not change the nature of the velocity Space diagram, 
brings out the underlying parallelogram (Figure 4. 1 OB), 

Willi regard 10 recorded Mceleraiions. trapezoidal and sinusoidal patterns seem to fit (he data for fast 
writing ahuut equally well. With progressively slower writing, however, large acceleration plateaus emerge 
(Figure 4. 1 1). Assuming the underlying control mechanism does not change with wf iting speed, Ail assumption 
which seems bom nut by tlie similarity n-f the accclcratinn profiles, the fast writing bursts would seem to have a 
trapezoidal basis, 

The sharp negative utcelemtioii peaks, present In F-'igtire 4,11 and in most other writing data, fire foreign 
to huth patterns, huwever. As indicated in seetkin 4.1, these peaks are not just friction artifacts. ITiey may 
Lndtcnte a segmentation nf the acceleration profiles, at the top corners: allhungh the underlying pattern is 
continuous- it might be thou£h1 of a? n chain of down-up strokes. Some writing specimens may sh-uw mure 
tli-mt two peaks per burst however, and may show peaks, in the positive bursts as well, 

Two Joint tturizimtal Moinnenl 

A mechanical writing configuration of two independent joints one executing din. up-down movcmcnL and 
the other -a left' right movement has been a frequent ussumption in past handwriting research |KJen l%2. 
Merinelstein 1964, l>enier van der Gun and 'Inuring 1%S. Raster and Yrcdcnbregi l^7L Yasuliara 197S], 
Up-down movements have usually been ascribed to me lingers, badt-funh movements, to die wrist. 1 have 
observed in subjects other eonfiLuirjliuns thai yield an essentially nrthogoiiLit Iwo joint movement, involving 
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(A) 




JJUU 



(B) 




JUUJ. « 



Iktjre 4A (A) TIil VL-rtinil KHfcnttHi uomflpurtdmiS l« Figure *■* « ™'™ <nipi'M(liil ihan 
:ind llh' iL-suliiiiu writing. 
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(A) 




UJUUJL 



(a) 



l-'i^Hpnr -J, Hit ISy phiiM; ^iiflniy. ihc tu irL/oni A vlAmlj pattern in t A |l the pjirjilk i ki|J,nwii nulnrv of 



[tit elbtw and (tie Shoulder. "I tic method infusing the 1ln.u,-crs ;md wrist also varies depending nil grasp iind 
degree iil'pion;iltinl, f.cftlliitlde-r& switch (hcnHcHof finflcni mid wibt. tilth HLibjttUntKil htely hit Uplift their 
own partfCLitiircsmfiguriUiturt, insofar as formal rtiridwrifine instruction normally conecnlrjitcH only im Icllcr 
■ih.ipc.in3 not Lm the mcctiiLnisnlof writing, |llci"Ljhcr£ 1926. ILl&Jin W7G]. 
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^>/^ 



PlB"" ^ll- Vcnkal nccclvnuiun pmfifcs- from ihrce samples crfhafl written at different 
shii* trapcflridal burses. 



The disposition tithe two joints need not he onhueonal. A >»iiii disposition test can be devised by asking 
the subject to produce repetitive down-up and then back- forth movement the mgfe between the twn traces 
is often similar m the writing sbnt and may indicate the joint disposition. One might he tempwd to ssy nf 1 
subjects who evidenced a slanted duwi-iip mnvemem similar i» their writing aslant that the "vc-rikal" jninl 
awclcfates al<m& Oiih skirted di reciiwn. 



ihc agreement found between writing slam and the angle produced during up-drnvTi mutements hy cer- 
tain subjects is also open to suspicion. Using just their fingers, these same subject* could produce any desired 
writing start: TO supports the iwiton that httndwriUnf niBjht «duah> be a thrte-idnt nortmenc two joints 
apt ;ih Liseilliitory i-y gencfalnri. ji mird joint pnnduras a constant horiHintiil sweep. Suhjects find it pisnible 
Lo dnw circles with ringers iikmc. si thin mere are ;u least two degree of freedom here, lliis may he coupled 
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will* a hortfontal sweep at die wnst or at the clbnw, In any case what tun: mi&ht be observing widi diagonaling 
up-dnwn movements is simultaneous acuvatfcws of the two linger degrees of freedom-; the Tcsultant line is in 
the direction of the writing slant. 

More careful studies of the joints and muscle used in handwriting than heretofore conducted are re- 
quired to deaf up uW issue of writing sJamt, In the absence of such a Study Ld this thesis, all juints arc assumed 
orilHiEorial unless- (htrc- are compelling reasons to assume the contrary. Ln any ease the vertical record is 
unaffected sa^e for a constant scaring factor, and one is safe in mating arguments based on (he vertical record. 

A decomposition of die llonKonta] movement into a linear compommt arid a periodic component mates 
the idea of a two-juint horizontal movement attractive. "Ibe larger more proilrmal joint would be responsible 
for the linear movement, the smaller disia( joint for the periodic movement. Hie forearm with wrist or lingers 
and die wrist wilh fingers anc two pain that may satisfy die pftJwimal-disL]l jmnt arnmEcment. indeed, one 
of (Ik subjects was iyght to write with a constant forearm sweep. In any ease assertions in the literature that 
handwriting is a two joint movement needs mure careful study (turn has heretofore been given. The advantage 
of (he three joint movement would be to simplify the programming of die horiMifital movement. 

Citxikwise rfiminaHon 

There are a number uf modifications, and shorie^t* laken by fast writers to Standard Cursive Script shapes 
in ruder to adapt the shapes t« requirements ofspc^d and rhythmic iiy. En figure 4.12 the n, in hi, the letter 
a, .nt J the m in *nt+ are exam pics or modified shapes produced by three different Sun writing subjects, 'lite 
common feature of diesc letters in the I'almer script is a clockwise movement; to round the top of the a, and to 
produce ihc bottom cusp comers n(h and m. In examining the velocity space diagram* fur these letters, by fast 
writing subjects, forcsatnplc that afhi in Figure 4.1211. what sunds out is that clockwise movement has been 
completely cltmiitaied In favor of a uniform counterclockwise movement. At must u Miuiglu line velocity space 
diagram is obtained, corresponding to zero phase difference between horizontal and vertical joints iTigure 
2.2 1 "3H that is to sjy, clockwise shapes are approximated with an essentially rounded SawtoOirl pattern. 
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(i) 



I'lfurc 4IZ. (A) 1hi. L Il-iLlis ft in hi, a, jnd m in mu hk iiuiiipks of nktlified Idler dmm by 
HhfvC diffcrenl ritM »riieri |Bj flip ^<*>dlj' ^cl- dingruni fur lhn to sk>** mil* amrlf rclort*ae 
iramfriuni. 



ChupLcr5. The Minimum tjmrjy Movement 

Ihnugh cnnsidcriihlc cfiFtut has been expended in ihe SLuJy of the human motor system, the execution 
uf even simolc movements is nut well understood- One current theory balds thai movements arc memorized 
in icrrni of final position |Bizzi et al], Ihe h'n;il position theory has as a basis the spring, muscle model 
discussed in Chapter 3. Referring to Figure 3.2, the find position theory maintains that the position L\ can be 
reached independent of starting position merely by selling, rates tvj and $i. "ITlaS ihfury is micrcsttrvg from a 
manipulation viewpoint because it obviates the need for precise trajectory calculation in the uasc of single juim 
movement. 

There are many choices oi' agonist-antagonist IcnguVtension curve pam that have Li as equilibrium 
2Ji,-M::i:i::. Que l iuil? tK.l lvj J k 1 f \:V«J l-:i .raiii".? '■■k-: rnerc,v k ?^ .ire! r?;. * "n::- mirin::v.i ihe isometric 
tensions. More genera]]}', u is conceivable riuii some complc* sequcnec of innervation races «,,& might require 
Jen energy than a scheme which selects the Final length-tension curves iltimcdiaicl}'. [lie detCftninaton of this 
optimal innervation pattern is (he focus nFdiis chapter. 

5.1 Spring Muscle Model Solution 

The investigated properties of muscle present a too cwiplicaied view fur analytic treatment, llic plan 
here i& to simplify the muscle mechanics until an analytic Solution to the opLimjl energy pratifrm is possible, 
then to examine if the nature of the solution is ch;ingcd hy adding some of the excluded muscle properties. 

Referring io ihe spring muscle model of Figure 3.3 mid assoctiUcd cquitiou (3.1 ). define a control variable 
V and a stale variable X xshoJuw. 
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Setting the nuw tn = L [he stiilc variable representation of the -spring syvlcm is: 



M 



(5.1) 



Tht Mlftiniiim E : iicrg> MiwurfiCiiL 
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Mon: compact 



x = 



1 



X + 



D 

fcg 1*71. 



u 



(51] 



tf = 4XH-BU 



(J.3) 



jWnJtte fnergf Iks 

The energy E expended during movement equals work plus hcaL Hie work W may be subdivided into 
eerservadve wort performed <m (he mass m and noncotiscrvBJtJvc vmA perfonitcd «n die viscous element. 
The isometric hem ft is given oft' in iiuintaiiriinjt die musde at a particular tension Ft The rale of energy 
cjipcudliuro b dins; 



£ = P v (jft*wfr) + aflj (mQimenfmte heat rate) 



(5.4) 



when; u is velocity and <t e the maintenance btai coefficient. ITie iwo force lenns h*w been summed because 
each conlribuKs to energy his*. We have cu-ludcd the shortening hcai because the active damping was also 
deluded, and became [hen? may be a iheuretical refatkmKhip between the iwu|l funic*. Captori], The transient 
characteristics of heat production hwc also h*en excluded. 

The fiukrfjigtttttgftitftHitiam 

The ust nn« is to And the lime warying wniml t/(0 that mintmiMS the energy used in moving between 
two points in a (Iced interval of time. Let V repitwcni the energy consumed in .innlvuis the control V tit ykid 
(he if aJccLiwy X, The problem of minimi ring I' is raidily approochedhy usthiiiquwiif modern control (hairy. 
'Ilie ruruliimcnbil eqiwiions thiti die upiim<i1 control U(l) must Siiusf^ arc derived from a theorem from the 
cedi-HlustfvtiriaHina. Inis theorem stales (hat In order to Hindi the n-vecior X(t) that minim iM* V{ XI. where 
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L{X,X,mt (5.5) 

subject to Um constraint relations 

ffi (X>X h £) = i = l p ...,m<n (5.6) 

then A'fd.} sausfirc the Euler equations 



where 



MX, * , = M* . * . <) + E M*)>al^ ^ (5.6) 



i—0 



and Xifi) K sare ihc multiplier functions [Schulti' and Mclsa]. 

Applying this theorem to the opltmal control problem, the state equations, X ™ /|(X t U, 1} represent the 
Mrualttjf conslraintx. L repawn ts the tilt, of change of energy £. l"hc Hatuihotmn H = L + X r / represents 
(5.S). where A T = [X t X-j], lly applying the Eufer eq.iuiuii.in lirst for X and [hen for t/, it can Ik shown that the 
minimizing U{t) satisfies (he fallowing two /fa/Jf r t^suatr ^c tu wifiwa [Schufu and Melsaj. 



l--H x (S.9] 

Hr'=Q {5. ID] 



77^ Stittiimm Principle 

ISecauw L is linccir in the control ^'. iherr will nut generally nisi a minimum energy solution, To obtain 



rciiliHtk KL-rinlHin, constraints must he plitccd on the Cimtn.il. Ihc snluiiun in this a™ will lie on Lhe LonSlrjinl 
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twuiutarics i^ryson and lki|, Constraints on U< however, mate it impossible to diireienuateJJ with resfwet to 

I/. 

Ilie minimum principle of Ponu^in mat™ it possible to proceed from [his point Poiiu^in stowed 
ihai even ifihc control is constrained, one still obtains a minimal solution by finding the u = u (Jf, \, () to 
minimis die Hamiltonian //, but by inspection rather than by diffcreniiatiorL After finding the J5fimifnL?Jng 
vP, one forms// = H[X, u fl , K i) and (ben wives, [he faJlawin& two equations ISdiuIti! and tfclsal 



tf = ^>° [5-11} 



Thcte are iwo natural constraints thai fell cm the control U , Firar. the spring cannot push. 



ui-*i>0 {SJ3} 

,,-tia^O (5-H] 

Semnd, springs ha^ a maiitnum tension Lhat Lhcy can ckcil Without this constraint die solution would 
involve :m infinite impulse. For [he moment we assume die maximum tension is constat and independent trf 
length; 

U| — S| <cj (* '*) 

where c i and c- A arecottstanis, Mhrcistihr maximum icirenm varying with k-ngr* * deferred until section 5.2. 

Tu facilitate irepeciiEMiorUK Hiimiimniaiv we expand W — * T /+ ^ into three lines, the fira* depending 
on ti|, die second on u-j, and the third on neither timirol. 
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H = M«l - *i)(n + *t + XjJ + M*i — Ui)[a + *2 - Xj) + *ll*tj — &X-i} 



P- ") 



Tfl minimize H with ICSpccJ to ti L , we observe thai if a + £3 + X? > Chen H is minimized when U] ™ **. 
Ifq -|- ej + X? < th-en H H mininwed with uj = ij 4- q. Simitai% r it can Ik shown for uj chat when 
a H- *a — X'i < Q the minuniiinfi u^ lies at £ , — a: otherwise t*2 is Jl i[. Combining these results, one finds 

ii buisg-ctiiisc-bane solution lo the minimum energy fur niusek movement, 

Casel; ^ < — (a -|- sj). 

Then ul ™ *J + e l> t*S = *l- 
Case 2: |X a | < {a + si). 

'[hen U[ s=* jj p uj = £, , 
Case 3; Xj > fa + £2). 

Thcnui = x\, "2 = i| — tj. 

TVtc Strlittieti Equations 

SubstltutinathemtnimijLn£u IN inmH.-uneub[aiT]S(hrec r\mctiosns<:orre^n»nhiinEtn the three cases. 

Case I : /f* = Vi fa + «t + ha] + qrf ^ - bX,) 
Case 2: f/ ft = *it>i - fta) 

Case 3: J^ h = Jt^^a -f &J — X*} + fef*j — b ^i) 

'Hie differencial equation. £5.1 L) and its sdmium becomes fm th? three cases; 



X = 



J"H 



far. 






(5.16) 
(519) 



where e = r.\ und k = kj (br glnc 1 : e = for aisc 2; :md <■ = — c^ imd A fc,, far taw 3, The time to 
represent the siarlinj Lime. Hie differential equation (5. 1 2) arid itsisoiution $m; 
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k = 







— i b\ :kc 



a" 



where c and * have the same meaning a* abuve encept <r = +^s fur case 5. Since Xj(i) «s constant, It appears 
henceforth as*, without a time dependence. 

The Extremal Versus Singular Solution 

h h proven in appcndiK A dial [here are ciacdy three events in the extremal bans-rctf si-bang solution: 
an acceleration period, a coast period, and a deceleration period, Ne» other combination «r bangs and crab 
is minimizing. Hcmcvcr, a noncitrcma] minimizing solution msjr arise from a angular arc at the switching, 
points. '111? H:imiitraiiiLrt (S.17) has thecuriuus property mat if fc ? d + xa| then the corresponding control 
may tata on any value mid still minimise 7/. If a control can he found to maintain \i = |e + i-jI far a 
finite time Interval (hen a nurmitremal solution to energy minim Hilton might ciisi. 'Hi is situation is calted a 
singular arc and arises frinn a performance indci Linear in control but quadratic in suit [llryson and H4 To 
maintain: \. ± =± |q + »j| for a finite time interval, all time derivatives of the two switching curves must be zero; 

d( rt - 

d "{^- g -^ -0 m >o (5.23) 

eft'- ~~ 

Carrying through the analysis for a singular arc at (he first switching point (5.22}. the time varying force 
during the singular arc is, 

Mttl _ r ,J = A| + in + Mft^y*'-'-! + ;<ta + X.H^ f - fl) - ") ("*) 
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force 




Cb> 



kc, 



(c) 



kc, 




I- t line 



Kijure S.l. Tfe ihfitf pOSStbfe terns tei ib«x in 4 angular are mlucion. 

UtifijjTiJtiiTcljf no sufficient condition has yet been developed to test whether a singular a,rr is minimkLng, and 
one must enmpare va! jcs of the performance index for specific parameter vafotcs Tor the singular am sn-iuun-n 
versus the extremal solution- Impending on the cholre uf X i the force {5.24) talcs one of the (hiee forms in 
Figure 5.1. 

Of ihcse forms only 4C hu& been found! minimising tor some paramcLcrcnmbiiLalaons. Tn search for Such 
combinations, a sci of paramcic re. was initiate deduced Item] Rack and Wcsibury (Tabic 5.]|. The elapsed 
distance ay and (he elapsed time fy are variable and. have been chosen as 0.2 cm and D.4 see respective]}/- 'he 
initial and final velocities are assumed rsw. For the extremal stiliiLinn hn^LUKisctMuig there result S nonlinear 
oq nations in 3 unknowns: from (5.1SH5.2U and (he initial condition* (ay, fy). 



ruble Si 


l H ,ir;iiriLU-r 


Value 


k 


2J0 kg/em 


m 


0.2 kg (pliusihle value} 


(.■■ Tfl 


3.16 /hw (thoscn |i> give f = 0.5) 


C 


tjQcm 


a 


Oil cm/soc (deduced from Wdcdpc) 



'I "he Minimiuii l-JWHY Mcivcnwrt 6B 

B>f the singular solution bang,4C,c(Kisl.baii£ L5 nonlinear equations in 15 untnowng result from tfMY 
(5.13 J and Hie initial conditions. The equations were solved numerically by Nc*ton-Kaphson and gradient 
methods- Individual parameters were ™ird and enemies of movement computed ftcm (5,4). Solving (5.4), 
che energy for the enrcmal solution is 

B - fec(4ii ('0 + ^'i(^) + kca ( At i + ^ t& - 25) 

where ( i is the switching time fa.™ acceleration to coast, i 3 is the time at the end of deceleration. M\ is the 

deration of accclcraiinn. <ii|[f L ) is the distance moved during aceeJcralion, and 4*i(tj) is flic distance moved 
during deceleration. E-'nr the singular solution, die energy is 

wherc t| is (he switching tame fi urn .wcclcrailun to me singular ait 4C h is the swishing time from iC m 
coasl, and t 4 is the lime at the end ofdrxekratiofl. The force fc u (ti 1 - *,) is giver by {5.24}, while (he velocity 
*t(f) is: 

"Hie energies for die eilrcmal versus the singular solu.ilon are compared in Tables 5Ja-g.: the units are 
fcg cmAg wl In Table 51c the parameter* k and fr are varied fiiimiltancuudy but at a fixed damping ratio of 
O.S. In Tables 5.2fg die parameters* and b art respectively set at 16 and 4 raflicr than jt die Table 5.1 values 
where tf*c ciiremal suluticm b minimirinn, <™w ^ whl>k ™njc (>(*/ and a. "["he- initial values From Table 5.1 
arc sirred in Tabk- 5.2. A singular sululion becomes minim king with high values of k. b. t, mid i f , and with 
low values itf a and ij. A* die par.nmelc™ cause the rcraU time to jipprawh ze™ (higher b and */, lower Jt, c, 
and *;>. Um: singular and citreniiil solutions hrccniK identical ^l-mum- th,- K " pnrium vini.ishcs. 



M 



In* Mtainnum Ejictbj Moi'cnumt 



For tiie extremal snlutiurt it is proved in uppcndix 1? thai tlicre is an upper limn u« the duration of 
coast- It is [emptinj [0 speculate that for hinder cuasi durations a singular solution becomes minima-rig, 
but Ok singular su-lutiun in Tabk 5,2 is not always minimising under dies? conditions. Perhaps £ different 
combination ofbangx, coasts, imd singular arcs would then be mininwin^ but this remains an open question. 
Some combinations can be proved imTWHsibtt, such, as hang. 4C, coast, 4A-C, bang. 





TaWi 5.2a 




1 


fiin^ulji 


Fjttrcmal 


7 


**"■ 


0.708 


* 


0.66117 


0,66 10* ■ 


*Lft 


0.6173 


0.61 64 


20 


0.5640 


0.5*27 


30 


0.55 13 


0.5509 


41) 


0.54554 


054532 


so 


0.5413 


0J424 


100 


0.536 


0,537 



Tabic 5.2* 


b 


Singular 


l : Mifir:-| 


2J 


tt*4< 


0.5*5 


2.4 


05S2O36 


0.552034 


2.6 


O.S67S 


asm 


30 


0.6O20 


0*014 


4.0 


OJ04S 


O.TOM 


50 


Q,B20 


0,524 


10.0 


1.45 


1.53 


15.0 


1,13248 


213344 


15.557 


WV+4* 


2.4 



Tabic 5.2c[6 ~ k) 


1 


Singula* 


Hxtremal 


7 


H44I 


0.664 


8 


ft.fi32026 


0.632023 


"10 


0,6173 


0.6164 


M 


0.6442 


0.6440 


30 


0.7QS 


0,725 





Table 5.2d 




r 


Singular 


Fjiifcmal 


0.7 


*■»■++ + 


0.7OE 


0J 


0.6612 


0.6611 


*iO 


0.6173. 


0.6164 


20 


Q.5640 


0.5627 


30 


0.55 LI 


0J5O8 


40 


0J4554 


0.54551 


50 


0.5427 


0.5437 


60 


0.5401 


0.5407 
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Tubb 5.2c 


tr 


SingjytuT 


liairemal 


0J5 


***** 


0.814 


0.M 


0.76123 


0.76122 


-D.40 


0.6173 


0.6164 


0.45 


0,512 


0.511 


0.50 


0,*M 


0.445 


0.60 


0.358 


0.369 



TaWc 5.2p — 16> 


>-« 


*f 


Singular 


FAircmal 


0j006 


***** 


0.0041 


0.050 


0.0632 


0.0634 


0.1 DO 


0.1925 


0.1942 


'0.200 


0.6647 


0.66S1 


0.300 


1.4*3* 


1.4620 


0.350 


2J012A 


2.0072 


0,400 


2.6B7& 


2.6S25 


0.540 


•*■♦+* 


6.4593 



Tab 


*53z[k ■■■■ ]f\,b = 4) 


a 


Singular 


KKlTcmaJ 


O.Ofi 


0.6112 


0*161 


■0.10 


0.6647 


U*6fil 


0.20 


0.7974 


0.79B1 


0.25 


0.8633 


0JB631 


0.5O 


1.1903 


1.1BB2 


i.DO 


1,8393 


1.B3B2 


170 


2.74*4 17 


2.748411 


1.S0 


44*** 


2.B7B4 



5.2 Spring McmJaI Relaxation* 

A natural question is whether the minimum energy wilutkm is changed tiy incorpuiatiii^a more realistic 
mifiiclc; model. Few th<se rclmainmsorthc spring model involving only X dependencies, mc answer is that Ore 
solution remains banf-cogst-huiig. "ITk nrastm is Hut the f Limillunian /f remains, linear in the control £f, and 
the minim i/jiiLuii oflf with respect u> U occurs ut fixed X. Whether the solution ulsii iccmiins jieccler.itiun- 
crast-dcccleraciun. needs to he delenniiiud for each case. 

ReLnnau'cmsuf die spring model involving X dependencies incLude the following. 



L Position Limits ot\ Tcnsittt 

For real muscle the minimum isometric tension varies with position (Figure AM This miles q and** 
into ruiKtioiisofii. hut the aniuooliwill Mill fall jii the curcmes wherever they i\tt. 
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> 




Tens ton 

llliurv 5.1, Ttnsiufi [kpendtna; un vdixiLy (Hill ]93B). 

J. Velocity limits on Tension 

■\ctu,il muscle C9t"hibits a hyperbolic force- velocity relation, [f Fa is the isometric tension, diem the 
maximum force P thai can be produced for a velocity vis|] LilL 19JS] isee Figure 5.2): 



P = P - 



*(£*>+*) 



(5.38) 



i? +6' 

llic term (fl f -4- o)/{u -|- b'} can he considered the ciiclrjcLcnC of aclive cUimping. The coefficient a has been 
determined us ,2$Pvi (tic force P ihcn becomes ft — l-35>/fru/{f + ft"]. Jim literaiure conflicts on the value 
of active dumping during lengthening. For consistency wiih the shortening liem (below), Li is assumed Lhc 
same as iicttvc djmpiii[> during ■shorlcnin.ij. 

Associated with lhc active damping is, im extra heal expenditure above (he incunciric heal due to short- 
en ing. Iliis shortening heat r<nc is |liill 1^64j: 



Thi: Mioitiiiirin I'jitrj;* \tovcmtn1 ?2 



IllC isometric heal JiiLO Q, JCtnains flP u ,. hut Ore power 15 now F«, SLibstimtLnE die Hum of'SpCLnf, tOTCC* fur the 
isometric tension jFb and (5-.M) forF. the encngy rate W; 

L = (y WJ - zi J + ft^t* - *rf)[a - 0-09^ + ~q^) <&■ 3« 

Similarly k can be shew that the equation qf motion is: 

?,--&*+ u - ^^MM"] - *.! - ^*i - 11,1) (5.31} 

When these terms an: combined id form the Haimttordan, die control i* seen to remain linear. Hence the 
solution is once again bang-coaHt-bank 

I .tyring CtmiMftP Kfl-rj'iTJj'flvtJs »v'^ Poiilkfo 

One way or bringing the simplified length-tension corves oM-tgure 4.3 closer to Uhisl- of Vi^utt 4.1 is 
illustrated in Figaro 5, J. The spring constant^ varies with position, but at any jiven povUon Lhc correiant fc, L 
is the same fVir all controls %. Under dicse conditions the solulion remains bunsi-ixiast-bang, 

* Parallel atNf-Stries Elastic Fifttf&ut 

The incorporation of Ihcsc elements into the model is depicted in Hpire S.4. Since die parallel elastic 
clement depends only on position, ii dues not clmnfic ihc solution. (Tic series clastic elements aiul die active 
spring may be replaced with equivalent springs with constant k ' . yt,/fo + M and *^i" — fe^ /(fc. E + 
fc.y "ITiis modification also has no effect on the solution, 

5. Stffiiess Regulation 

With regard to U dependencies, in Figure II the spring, comtanl K is seen to vary with firing rale ai 
any fined position, '11k linear portions of these length-tension corves when extended seem (o intersect al a 
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'Llti: MitiiirJirM i-rtcr^y Mittcmeilt 




length 



lijjurc SJ. Hjpol^icLKfll lengiuVleiiaoii curves *iLh the porp«-!y lha" a\. any given kn[h[ ihe 
slupcs arc \h* iime for nil thoices nrf u^. 



ns 



i k | k 

■ A/yyN — * — wVv 



x 

! k 



gt 



5 ' 



{*} — 'W^v— *-VWv 




,5 



Fipire 5,4, An npiindcd inustk- inodt-l incDrpurDiinj^ senw ck^cic dflmertis ^ and a parallel 
cliitfk dement fcp. 



owmncm pwnJ (Figure 3,8), 

In (his circumstance ihc spring, ctmstii mi fc hi is Tv/{ttz — m). "I tic ti-,j terms ctflhc HjimiltonianH become; 
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ff H « — — * (*i - waMa + ^ - kg] 

Ui — 5o 

= W* + ^ - X a )( *' ~^ - I] f 5 - 32 * 

M2 — ^ 

If a -+- Jft — >a > then W is minimized aL ttj ;= x,: otherwise tt 2 = * ( — i£ r That is io say. the 
solution fur iia is exactly the same as id section V, A similar analysis holds, for u k . Thus (tie minimizm&paufirn 
is also bflnfi-ajusi-ban$. 



Chfipler6. Concluding Remarks 

The oscillation theury of handwriting suggests that letter shapes emerge as individuations af an underly- 
ing oscillation. The alternative view which is dispelled by this theory is that each tetter has a separate rumor 
prngram which can he Invoked to produce that letter in iscvlatirai, and thai Lht word fonnatiun process is one 
of linking together the motor programs for the desired letters. In the oscitlauon theory there is a preexisting 
and underlying repealed pattern of letter shapes, for example a cycloids] chain of <fs for a sinusoidal hased 
oscillation, and that this pattern propagates indefinitely unless ii Is modulated. Rather than an active process 
or forming letter shapes, there already citst letter shapes epical of the oscillation pattern and die modulations 
serve to reiuuld the preexisting letter shapes into the desired letters A Eruxlulation will change the underlying 
oscillation paiicrn to anew one. which like the old will propagate indefinitely unless it too is moduhted. In a 
sinusoidal hased oscillation, for example, an original « cycloid can be modulated to an i cycLoid. and after this 
modulation the new underlying. pattern is Die I cycloid. 

In motor control wort nnc is used to thinking in terms of motor programs, and here the motor prugjiuns 
arc h«4 considered the sequence uf modulations. The underlying oscillatory process acts as an interpretive 
program that "Interprets"* the muirir programs, which are the sequence of modulations, in the content of the 
torrent oscillation. 

In creating r word a temporal sequence of modulations to some oscillation pattern must he set up. Even 
for writing single isolated letters such as an a an oscillation must be created and one or two modulations 
applied to It. There is a question as to the sine and the nature »f the conceptual unit in handwriting. Is the 
conceptual unit linguistically based, such as a Suitable Of a word, nr is, it hased tin some oscillation fcaLurC, such 
as whether the movement is clnctwisc or counterclockwise or whether adjacent letters have the s;ime height"? 
For typing it has been suggested that the conceptual unit is the word [refs]. and the finger sequence to produce 
a word is considered as a Single motor pTiiftmin. What the cimceptual unit in handwriting is and whether it too 
should be considered a single motor progrnin remains an upen question. 
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CoMtldiPft RorarfcS 7ft 

The hutrun motor sysrem has configured itself in maVc the handwrit.m& act a relatively simple last, ti 
has factored the lar&e number* of decrees of freedom, of hand and ami into just a few dc&rees of freedom that 
faailtatc rJw control of handwriting. Coupled oscillations in s and y directions produce diverse comer shapes 
a potential ihird degree of freedom for a horizontal constant velocity movement separates die corner to form 
letters and words. The process uf letter shaping reduces, largely to controlling the vertical velocity ?.cro crossing 
in the velocity spate diagram: the intercept controls corner shape while the dope at the rero crossing controls 
writing slant- Under the constraints of the ^ero crossings I cue* height b modulated by bolh frequency and 
amplitude modutotinn of die aeeeLeration. 

The osdllation-modulaiioft scheme reduces die information processing requirements, for handwriting at 
the expense perhaps of letter shape diversity. It might be speculated diat a ncdutuun or die information 
prxxessioe. complexity for handwriting is necessary ft" ihinfctng and writing at the same lime. 

Appticat ions afTttts H&faKh 

The reason for eliminating clockwise movements may be to reduce the number and degree of modulation, 
as discussed in Chapter 4. k would seem that a new cursive script needs to be devised that takes into account 
the case of character formation with speed. The elimination of clockwise movement is a first step. Streamlining 
other shapes to eliminate excess curvature or excessive loop width would hmit the amount of phase shift. A 
neutral rhythm, namely a sequence of top cusp shapes, could then be set up that is easily modulated for other 
shapes; a small phase modulation in one direction would produce loops, in the other direction rounded nip 
comers. 

One possibility for a new srripl is given in figure 6.1 R. where the proposed Script cs compared with the 
Palmer script of Figure 6.1 A. ITie eluckwisc lop roundlngs of the Palmer letters a, e. <*. g. o. and e have been 
eliminated in favor of a pattern which is essentially a dosed t*. The clockwise bottom loops of letters ft j. 
and if have been virtually eliminated hi favor of a more angular boLdum; it should he considerably easier to 
follow these letters with mi e, the difficulty of which was discussed in Chapter J. The clockwise bottom cusp 
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JX If J& xL & 4s & Jfi> 
Jj/ Jks /m m> j& Mj & 



Jv Jv 



X M jr Mr /fi 

(A) 



f f 



^t Jr -^ d* 2/ M j& Ju 4 

4/ sfa ,*& S& yf *fv A* & A/ 



Figure till. <AJ SUmdiiHl Psiiincr tmrsivc script £B) A pmpoa-d new ncnrl i.hiiL tliiiiimncs (kit* wise 
mow nuii 1 



corners of A. A. m. iind n h:\vc been replaced with a soil of angjulnr comer pmdtuced wtlrn ihcrc is zero oliase 
shift between joinls. The letter Jfc is soiiicvpIhh problcmatEnil in m cnuntcn:kirkwise iL-licmc. If (he second 
downstrokc mare or less follows the previous upstroke, ii lettei form distinct from h cun he pn>riuccd. letters 
p, «. and x w-nuld also ri-quiitd substiiniinil mndificiiliiHi. One possibility fur x Isio rcknc it Lo if in the same 



way that q Is related to #, 

Oik might speculate that the neuronal stivcturcs respimsiblc for the oscilUtUin and modulation com- 
ponents of handwriting are separately identifiable. Handwriting lias been used as a tuul for diagnosing 
neurological diseases, and it may tic [*:<sslh3e to nmlte a more specifi? diagnosis by observing exactly how the 
handwriting has degenerated. 

SuggTfjn'rwjnr Further Study 

"Che most pressing problem requiring fiji-Lhtr study Is the clarification of joint rules. More detailed obscr- 
vations than heretofore obtained of the hand during. writing are needed to decide such, issues as whether a 
ihLrd degree of freedom is executing a linear movement and whether the oscillator, horizontal and vertical 
degrees of freedom are actually nnnoirhototiaLThe role of the thumb requires clarification. I"he integration of 
downward pressure of the pen cm. ihe writing surface with the planar aspect of movement is also necessary. 

The nature uf the underlying oReillatlun aJsu needs further clarification, such as the enient to which the 
oscillation is mcchaniicalLy based or Actively programmed. The nature oF the forcing function is also unclear, 
whether it is sinusoidal, rectangular, trapezoidal or something else. The aoceleraliorj recordings, show an 
asymmetry between pusitive and neptive ^critical ad-deration bursts. The negative burets tend iu show 
a separation into two peats; the negative burst amplitudes show ^ncatiM' variation than the positive burst 
amplitudes. This asymmetry is in ncccl of explanation. 

] nistly. this thesis has artiLtrned itself only with the hmTiatJon tf lower caw script in the ftlme* style of 
l-n&lish writing The extent to which ideas in this thesis transfer tu ihe production of upper eiise Miner script, 
printing, or scripts for other languages such lis Arabia Hebrew, and Chinese, remains an open question. 
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Appendix A 

In thisappendii it is shown there are only two bangs and one coast in the extremal snlotion: ode accelera- 
tion, followed by one coast period, terminated by one deceleration. No uthej LOrribinations of coasts and bangs 
arc possible. To demonstrate this is the only possible combination, it is necessary to eiamLoe the switching 
curves and their time dcrivativei. 

The first lemma shows that once the- comjoI has passed, from acceleration to coast, then the cuniro] 
cannot return to another acceleration but must proceed l> deceleration. The second lemma shows that once 
deceleration has started, the deceleration must continue until the end of the movement. This proves that the 
acceleration -ooast-dccelcraiinn nmibinitdoa is the only possible one In the following it is presumed, that the 
movement starts with acceleration in the positive ij direction. Hence all velocities arts positive. 

L&jfifflM After acceleration, the- glide period cannot double hac* to another aEcckratiotL 

J*rPQJ; The proof of this lemma pri^c'ecls hy examining the time derivative of (he acrclcration-coasi 
switching etii-vc {henL-cforth tefcrred to as the slope of the switching curve). The slope of this curve is initially 
positive at the transition from acceleratren lo coast In ruder for another acceleration to follow the coast 
period* (his slope must become negative, leading to a contradiction. 

At the first switching tunc ij die acceleration -coast switching curve k zero. 

After the acceleration period, the coast conations are: 

«{f ) = -{ h a (f , ) + ft)*-* 1 -'' 1 {A3) 

I hux 

ft] 
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The *3ope of (iit$ switching curve is: 

At * = *i h the slope of the switching curve is: 

One can show this quantity cannot be les than zero. Neu. supp«K Lite coast doubles back to mother 
acceleration, At sew™.- pciini the slope must go th rough a™. This d me t is found from (AS) as: 

C«el:X,-6MM>°- 

Thcn\a(fc|) + a > 0, contradicting (A 1). 

CrtiS5rnu1lipiyLng(A7) antknJIecung wrms, 
26Jt-j{i|)- - >.l + te < 0.amiTiM3ktiiiB(Afi>. 

Thus after iEccLcration.thc const period musl eventually arrive at ito deceleration swiithing point, 

J.rtMftjdJ: Thc movement is kicked in tlccclcxaticnj until the end, 

jVaqE u will he shrwn u1a t if deceleration ever switches to coast, (hen the slope of (he cnafit-decckraEicm 
switching curve requires an immediate return to deceleration. Hence the movement r* locked in deceleration 

until the end. 

Suppuw there is j time i ;l when dccclerati™ switches. 1o niasi. At this point the ttast-dwderailun 

switching curve k /.em. 
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The coast switching curve \%[t} — a — stft] &; 



H^'-M + j (1 - ^ ,_(lJ ) - - - ^[^-^'-^ (A9) 



The slope or(A9>i& 



Ai time i 3 the slope (A 1ft) isfi^fij) — X L +W&). 'This «■ positive since ^[( 3 ) > ft, «n(tg] > q„ and >u < 
(lemma J). This means that deceleration wotild bounce off the coast boundary and immediately continue flic 
deceleration, Kurihcrmorc-, since the slope is positive, die deceleration would not immediately switch back to 
coasting, musing chattering. 

Lemma 3: ^j <T0- 

Prynf: M (he second switching, point *j we have 

MW-a-^)-* fall) 

Prxnn { A2) und (AJ} f this bccnmqs 



Rearranging 
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From (Al) and (A3) we £hni an expression Tor XaftJ. 



Mw--a-^a-^*-**) ( A1 *i 



Substituting jii i ■ (AD), 






Thus 

Since the numerator is positive and the denominator is negative X| Js negative. 

Taken together, these lemmas show that acceleration pusses through, cnast to deceleration. There ii BO 
preBjble variation in this scheme. Ei is also possible to show the movement cannot slart by cutting, followed by 
acceleration. 



Appendix B 

A surprising limitation on the wilue of h — ti.lhc duration of the coasting lime, has been found. The 
switching, curve duri ng acceleration is: 



M*) + a + stf) - Xaffo^'-W + ^+^[1 _ *-*>] + fl + ^(J _ ,-*-*0j 



ITic s]npc nf this, switching flirve is: 



Since sloped i) > U and since (he denominator is positive, so is the numerator. 



I'M) 



At the first switchinj time U, the switching function (Bl) is zsro. RcarrangJngOU) for ( = tu 

«*.-tf[ MW _ ii + te) = -li + te] - * - *f (1 - <"♦"-*>) 03) 

Subsutu Ling (113) into {B2). iht sJtspL- at Jl j is: 

-2VH 1 - *~ KJ ' _Ji,) ) — M— *« (B4) 

Substituting for *| from(Al6) f 

Vifl - e-* ( ' 1 -^ ) )(2 + e^K'i-*») - ««b-*i J) + 26a 



!>«} 
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IJtojubc 2 + ,♦— Ws-*i) _ c ^* n) £ a decreasing fuiuwon of h, at somfr ooiLll (BG} brasmes asm. Solving 
then for e 4 ^ ' £l) : 

As (j increases. ti wilt decrease. However, t L docs not decrease enough co offset the effca of the ^ inercitw. ]f 
a— 0,(BT} reduces Do 

Strangely, in (his cincumstiaeefj — f L depends only on b. 



